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Abstract

The harmonic analysis of locally compact groups has been studied for over 100 years,
and has been investigated deeply, particularly in the settings of abelian groups, com-
pact groups, and connected Lie groups. While many harmonic analysis properties
are well understood for these classes of groups, in contrast, our understanding of
them remains significantly underdeveloped in the setting of totally disconnected

locally compact (tdlc) groups.

This thesis studies harmonic analysis properties coming from unitary representation
theory (e.g. the type I and CCR properties), and from Banach algebra theory (e.g.
the Wiener, Hermitian and #-regular properties), for many classes of tdlc groups.

The following questions underpin the work carried out in this thesis:

(i) Do the established results regarding these properties for connected Lie groups
have direct analogues for tdlc groups?

(ii) How does the dichotomy between amenable and non-amenable groups influ-
ence these properties in the tdlc setting?

The thesis starts in Chapter 1 with an introduction, where the above listed prop-
erties are linked to a central topic, spectral synthesis, which is rooted in classical

questions from Fourier analysis.

Chapters 2, 3 and 5 investigate Banach algebras on tdlc groups, and in particular,
study the Hermitian, Wiener and #-regular properties. It is known that the Banach
#-algebra L'(G) cannot be Hermitian or #-regular for non-amenable groups, and in
Chapter 2, we further show that for many non-amenable tdlc groups, L!(G) is also
not Wiener. In Chapter 3, we study locally elliptic groups, which are groups that
are ascending unions of compact open subgroups, and hence amenable. For such
groups it is known that L'(G) is Wiener and #-regular whenever it is Hermitian. In
Chapter 3, we show that this holds for a much broader class of Banach x-algebras
on locally elliptic groups which are #-subalgebras of L!(G), and develop numerous
criterions for determining when these algebras are Hermitian. In Chapter 5, we
show that L!(G) is Hermitian when G is the affine group of a (non-archimedean)

local field, resolving a long standing open question.

iii



iv ABSTRACT

In Chapter 4, we investigate the unitary representation theory of two-step nilpotent
locally compact groups, with a focus on tdlc groups and the type I and CCR
properties. While Chapters 2, 3 and 5 on Banach algebras show that the analogous
results for Lie groups hold almost identically for tdlc groups, Chapter 4 provides
some contrasting phenomena. On one hand, we tackle the question of whether
unipotent groups over positive characteristic local fields are type I and CCR, and
provide positive results in the two-step nilpotent case. On the other hand, we
produce uncountably many examples of non-type I p-torsion two-step nilpotent
tdlc groups, providing contrasting phenomena to the setting of connected Lie groups
where all nilpotent groups are CCR (and hence type I).
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CHAPTER 1

Introduction

1.1. Introduction and motivation to studying harmonic analysis on

totally disconnected locally compact groups

Fourier analysis is, at its core, the study of how a function can be broken down
into “simpler” components. The classical view point was to study functions on
abelian groups such as R", Z™ and T", and decomposes them into sums or integrals
involving sine and cosine functions. This idea can be traced all the way back to
the work of Joseph Fourier in 1822 [54], where he showed that these techniques can
be used to study heat transfer in physics. Since its invention, Fourier analysis has
been a centre point of modern mathematics, and it has had an incredible amount
of applications in physics, engineering, theoretical mathematics, and more broadly,

science.

During the 20th century, the point of view of abstract harmonic analysis was to
generalise these concepts of Fourier analysis from the 19th and early 20th centuries
to a general locally compact group G. This was motivated to a large extent by
the rapid development of quantum mechanics during the 1920’s and 1930’s, which
stressed the importance of understanding the harmonic analysis and unitary rep-
resentations of locally compact groups, and in particular, Lie groups [101]. The
harmonic analysis of abelian groups and compact groups was investigated deeply
during the 1920/30’s and is very well understood [116, 121, [52]. Similarly, the
harmonic analysis of connected Lie groups has been studied extensively throughout
the 20th century and is well developed in the majority of cases [55], [146], 147].

Now, if G is an arbitrary locally compact group, then the connected component of
the identity in G, denoted G°, is a closed normal connected subgroup of G, and the
quotient G/G” is a totally disconnected locally compact group (to be abbreviated
tdle group from now on). Thus every locally compact group is an extension
of a connected group by a tdlc group. Moreover, by the solution to Hilbert’s
fifth problem, the connected locally compact group G° can be “approximated” by
connected Lie groups in a certain sense [104]. Thus, understanding the harmonic
analysis of connected locally compact groups goes hand-in-hand with studying the

harmonic analysis of connected Lie groups, which is well developed.
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On the other hand, the harmonic analysis of tdlc groups, in full generality, is not
well developed. One issue here is that the class of tdlc groups contains all discrete
groups, and hence all groups, so saying something about the harmonic analysis
of all tdlc groups is unrealistic. This is further complicated by the fact that any
discrete group G which is not virtually abelian is not “type I”, which effectively
means that it is impossible to describe all the irreducible unitary representations of
G, which is fundamental to studying the harmonic analysis of G. However, it is a
reasonable goal to pursue a deeper theory of the harmonic analysis of non-discrete
tdle groups (after disregarding some degenerate cases, such as being compact-by-
discrete). There are certain cases where harmonic analysis has been studied ex-
tensively in the setting of non-discrete tdlc groups, such as for Lie groups over
non-discrete tdlc fields [63} 137, [68] and some very specific classes of groups act-
ing on trees [51l, [34]. However, the harmonic analysis of general non-discrete tdlc
groups is still not well understood. Also, in contrast to connected groups, non-
discrete tdlc groups cannot be approximated by Lie groups over tdlc fields and so

their harmonic analysis must be studied extensively beyond these cases.

The 21st century has seen significant progress made on the structure theory of
non-discrete tdle groups [24), [25]. This progress was initiated by Willis’ influential
work from the 1990’s regarding the scale theory of tdle groups [151] which has now
formed the back bone of modern work in tdlc group theory. Furthermore, viewing
tdlc groups as automorphism groups of discrete structures, such as automorphism
groups of graphs and simplicial complexes [78, [2], has also formed a major part of
the modern theory of tdlc groups and played an important role in recent advances.
Notable points of progress this century include the development of chief series of
compactly generated tdle groups [129], the structure theory of contraction groups
[58, 59, [60], and the classifications of (P)-closed groups and boundary 2-transitive
groups acting on trees [125), [128].

This recent progress in the structure theory of non-discrete tdlc groups enables
one to now pursue a deeper theory of harmonic analysis on such groups. This
is supported by an influx of new papers on this topic in the past 5-10 years (see
for example [67, 23|, 134, [135]), including papers by myself and collaborators
[27), 28], 29, [22], [30], some of which make up the contents of this thesis.

1.2. Fourier analysis on locally compact groups

Let G be a locally compact group. It is well known that G possesses a Radon
measure p which is left-invariant under translations by G. The measure p is unique
up to scalar multiples and is called the Haar measure on G (see [52] §2.2] and

[62]). The existence of this measure enables one to do integration and analysis on
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G, and, over the past 100 years, has led to an extensive theory of Fourier/harmonic

analysis on locally compact groups.

The existence of the Haar measure also allows one to study spaces of functions on G
defined by various integrability conditions. The most common is the so called L!-
group algebra, denoted by L'(G), consisting of all measurable functions f : G — C

which are absolutely integrable i.e. such that
) o= [ (@) duta) <.

The space L!(G) is a Banach space with the above norm. It is also a Banach

*-algebra when equipped with the convolution product
(F+9)(e) = | Faty™'a) duta)
and conjugate linear norm preserving involution
F¥(@) = AETHfET

where A is the so called modular function on G [52] §2.4]. The involvement
of the modular function A in the definition of this involution is solely for the
purpose of making it norm preserving, and for many classes of locally compact
groups, including many studied in this thesis, A is identically 1 and hence can be

disregarded from the definition.

The Fourier transform on the locally compact group G can then be viewed as a
transform acting on functions in L'(G), which we will now work towards defining.
To do this, one must first have at least a basic understanding of unitary group
representations which we will now discuss briefly. Recall that, given a Hilbert
space H, the set of all unitary operators on H, denoted U(H), is a group under
composition. It is in fact a topological group when equipped with the topology
of pointwise convergence (called the strong operator topology in this case) and is
a locally compact group if and only if H is finite dimensional [I50, Example 1.6
& 1.28]. A wnitary representation of G is then a pair (m, H,), where H, is a
Hilbert space, and 7 : G — U(H,) is a continuous group homomorphism. The
representation (7, H) is called (topologically) irreducible if there are no proper
non-trivial closed subspaces in H, which are invariant under 7(G). Two unitary
representations (m, H,) and (0,H,) of G are called equivalent if there exists a
unitary operator U : H, — H, such that Un(g)U~! = o(g) for all g € G. The
collection of all equivalence classes of irreducible unitary representations of G forms
a set, denoted @, called the unitary dual of G. The set Gisa topological space
when equipped with a canonical topology, called the Fell topology [7, §1.C], and
a measurable space when equipped with a canonical measure structure, called the
Mackey-Borel structure [42], §3.8 & §18.5].



4 1. INTRODUCTION

In the case that G is an abelian group, one can say a lot more about the struc-
tures in the above paragraph. Indeed, if G is abelian, then the irreducible unitary
representations are all 1-dimensional by Schur’s lemma, and are identified with the
(unitary) characters of G i.e. continuous homomorphisms x : G — T. The set G
then becomes a locally compact abelian group with operation pointwise multiplica-
tion of characters, and the Fell topology is precisely the compact-open topology on
G. In contrast, when G is a non-abelian group, the unitary dual has no canonical

group structure.

To further motivate the definition of the Fourier transform on a locally compact
group, we provide below a description of the unitary dual of some classical examples
of abelian groups.

Example 1.1. (i) R= {xy : y € R} where y,(z) := >™ for all z € R;
(ii) Z = {xp : 0 € [0,1)} where xg(n) := > for all n € Z;
(i) T = {xn : 7 € Z} where xn(0) := 2™ for all @ € T = [0, 1).

We now give the definition of the Fourier transform on an arbitrary locally compact
group G. The Fourier transform acts on L'(G) as follows: given f € L'(G), the
Fourier transform of f, denoted f , is a function on the unitary dual G of G and is

given by the following operator valued integral
fim) = | @) anto)

forme G (we identify an equivalence class in G with one of its representatives).
The expression f (m) is an element of B(H), the space of bounded operators on the
Hilbert space H,. The action of f (7) on H, can be defined in terms of its action

on inner products in H,, which is given by
@8 On, = | @)@ On, aua)

for £, € Hr. Of course, in the case that G is an abelian group, then 7 € Gisa
character of G, and hence f () is an integral of complex valued functions. In the
case that G is one of the groups R, Z, T or similar, then f (7) becomes an integral
of f against some exponential functions on the given group, as shown by the above
example. This will then give the usual Fourier transform studied in undergraduate

analysis.

One sees from this construction of the Fourier transform on L'(G) that, to un-
derstand Fourier/harmonic analysis on the group G, one would at least have to
understand, firstly, the set G and hence the unitary representation theory of G,
and secondly, the structure of L'(G). This is the main perspective of this thesis:

to initiate further investigation into these ideas for tdlc groups.



1.3. SPECTRAL SYNTHESIS 5

1.3. Spectral synthesis

The topic of spectral synthesis concerns understanding the (ideal) structure of
LY(@G) for general locally compact groups G. Here we will give a brief introduction
to this topic and recent research in this area which will motivate a large portion of
the thesis. In the following, G will be an arbitrary locally compact group and an

ideal in L(G) is always understood to be two-sided.

Given a closed ideal I < L'(G), one defines the following subset of é, called the
hull of I:

h(I):={reG: f(r)=0Vfel}.

Similarly, given S < G closed, one defines a closed ideal in L!(G), called the kernel
of S:

k(S):={fe LYG): f(r) =0Vre S}

It can be shown that k(.S) is the largest closed ideal I = L'(G) with h(I) = S. The
set S = @ is called a set of synthesis if k(S) is the only closed ideal in L'(G)
with hull equal to S. The topic of spectral synthesis can be viewed in one way
as determining which sets in the unitary dual of a locally compact group are sets of
synthesis. However, the term of ‘spectral synthesis’ can be used much more broadly
than this to refer to an array of different analytical questions on various function

spaces; see for example [10].

The topic of spectral synthesis is an extremely interesting and heavily studied topic,
particularly in the case of abelian groups (see [65 Chapter 10], [I30, Chapter 7]
and [74] Chapter 6]). It is well known that if G is a compact abelian group, then
every subset of G is set of synthesis ([65] §42] and [130} §7.6]). This means that, for
a compact abelian group G, the closed ideals in L'(G) are uniquely determined by
their hull. On the other hand, if G is now a non-compact locally compact abelian
group, then there always exists a closed subset of G which is not a set of synthesis
(see [65] §42] and [130] §7.6] again). In particular, closed ideals in L!(G) for a non-
compact abelian group are not always determined by their hulls. In this direction,
it is a classical result of Schwartz [132] that the unit sphere in R? (d > 3) is not a

set of synthesis, where you view R? as its own unitary dual.

In the non-abelian setting, there are also a number of interesting results regarding
spectral synthesis. A large portion of these results are concentrated in the setting
of compactly generated groups with polynomial growth [50}, [45], and in particular,
connected nilpotent real Lie groups [98), [99] 94, [9]. Associated to every connected
nilpotent real Lie group N is a geometric space, called the coadjoint orbit space
[76), [77], and denoted by O(N). The space O(N) is the space of orbits with
respect to the action of N on the vector space dual of its Lie algebra. It is a well
known result, called the Kirillov orbit method, that Nis homeomorphic to O(N)
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[21]. It is shown in [99, Theorem 4.10(ii)] that if a point @ € N corresponds to
a hyperplane in O(N), then the set {n} is a set of synthesis. In the case that N
is two-step nilpotent, then all the points in N are sets of synthesis [98]. However,
there exist three-step nilpotent connected real Lie groups which have a point in the

dual which is not a set of synthesis [98].

To complete this section, we will give some motivation for why compactly generated
groups of polynomial growth are of interest here, and in doing so, introduce the
idea of studying minimal ideals in L!(G) of a given hull. Suppose that G is a locally
compact abelian group and let S < G be closed. Then define the following set:

§(8) := {f € LY(G) : supp(f) is compact and disjoint from S}.

It can be shown that j(.5) is an ideal in L' (G), and its closure, j(S), is the smallest
closed ideal in L'(G) with hull equal to S [130} §7.2.5]. In particular, if an ideal
I c LY(QG) satisfies h(I) = S, then j(S) = I < k(S). If S is a set of synthesis
then we of course have that j(S) = k(S). If S is not a set of synthesis, then to
understand the closed ideals in L (G) with hull equal to S, the problem reduces to

understanding the ideal theory of the quotient algebra k(S)/7(S).

Unfortunately, for general locally compact groups G, the algebra L'(G) does not
always have a minimal ideal for each hull which adds a degree of difficulty to
understanding ideals corresponding to sets which are not sets of synthesis. However,
locally compact groups of polynomial growth are a class of groups where there can
exist a minimal ideal in L!(G) for each hull. To explain this further, one calls a
locally compact group G Hermitian if for all self adjoint f = f* € L'(G), the
spectrum of f in L'(G), denoted or1(e) (f), is contained in R. It should be noted
that, for example, every nilpotent group and every compactly generated group of
polynomial growth is Hermitian [95], [92]. Furthermore, it was recently shown that
Hermitian groups are amenable [I31]. It is then an important result of Ludwig
[96] Theorem 1] that if G is a Hermitian locally compact group with polynomial
growth, then corresponding to every closed subset S < CAl, there exists an ideal
§(S) € LY(G) such that j(S) is the smallest closed ideal in L!(G) with hull equal
to S. Thus for Hermitian groups with polynomial growth, one can pursue a deeper
understanding of the structure of the algebras k(.5)/;j(S) for each closed S < G.
It is shown, for example, that for a connected nilpotent Lie group IV, the algebras

k(S)/§(S) are always nilpotent, and their ideals have been computed when N is
three-step nilpotent and S is a singleton set [97].

1.4. Wiener’s Tauberian theorem

As mentioned in the previous section, if GG is an abelian group, then as soon as it is

non-compact, there exists a closed subset in G which is not a set of synthesis. Even
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in the case of R?, there are natural sets in its unitary dual, such as spheres, which
are not sets of synthesis. It is, on the other hand, a well known theorem of Norbert
Wiener that the empty set @ = R? is a set of synthesis, where we consider R? as its
own unitary dual [I49]. This result is typically referred to as Wiener’s Tauberian
theorem and it has many other equivalent/similar formulations (see [149], [130,
§7.2] and [115] §12.5.21]). More generally, one can ask, given an arbitrary locally
compact group G, whether ¢ < G is a set of synthesis. In the case that J G
is a set of synthesis, then we call G a Wiener group. The property of a group
G being Wiener is equivalent to the property that, for every proper closed ideal
I « LY(@G), the hull of I, h(I), is non-empty.

The question of understanding which locally compact groups are Wiener was a big
question in Banach algebra theory during the mid-to-late 20th century. During this
time a large focus of the study of Wiener groups was concentrated on understanding
this property for connected locally compact groups and discrete groups. There has
been, however, some lack of understanding about this property for non-discrete tdlc

groups.

It is known that all abelian groups, compact groups, and nilpotent groups are
Wiener (see [130] §7.2], [92] and [95]). Furthermore, all non-Wiener connected
exponential Lie groups have been computed up to real dimensional 6 [118], and the
lowest dimensional example occurs in dimension 4 (the so called “Poguntke group”
[89]). More recently, in the early 21st century, Losert resolved a long standing open
conjecture, showing that every compactly generated group of polynomial growth
is Hermitian and hence Wiener [92]. This result includes many earlier examples
of discrete groups that were known to be Wiener. Other than some examples
of exponential Lie groups, the only other known class of non-Wiener groups are
non-compact connected semisimple Lie groups [86], Appendix]. It should be noted
that all the known examples of Wiener groups are amenable, and it is an open
question to determine whether Wiener groups are amenable. Furthermore, the
Wiener property is closely linked with the Hermitian property in many situations:
for “weakly Wiener” groups (see [115], Definition 12.5.21] and [88] Definition 4]),
which includes all discrete groups and all groups with polynomial growth, Hermitian
implies Wiener. More information about Wiener and weakly Wiener groups can be
found in [I115] §11.5 & §12.6.36] and [88].

1.5. Type I groups

In the previous sections we have described the interest in understanding the ideal
theory and structure of the Banach algebra L'(G) and its relations to studying
harmonic analysis on G. As has been seen, a critical part of understanding the

ideal theory of L'(G) is utilising a correspondence between the closed ideals of
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LY(@) and the closed subsets of the unitary dual G of G. Thus, to have a strong
understanding of the ideal theory of L'(G), one would typically need to have a
strong understanding of the unitary dual G and its topology. Unfortunately, for
some classes of groups, the unitary dual G is such a large and complicated space
that it is essentially impossible to describe all the irreducible unitary representations
of G, nor to understand the measurable/topological structure of G. Thus it is an
important question to determine, for which locally compact groups G, is it possible
to get a handle of the space G and its topology, and such groups are typically those
which fall into the class of type I groups. In this section, we will give a brief

introduction to the study of type I groups.

To introduce the type I property, we need to recall some basic facts on von Neumann
algebras. Let H be a Hilbert space and let B(H) denote the space of bounded
operators on H. The space B(H) is an algebra with respect to composition of
operators, and the operation of taking the adjoint of an operator is a conjugate
linear norm preserving involution on B(#). In particular, B() is a *-algebra, and
it in fact satisfies a stronger property, that of being a C*-algebra [106, Example
2.1.3]. A von Neumann algebra is then a subalgebra of B(#H) which satisfies the

following properties:

(i) it is closed under taking the adjoint operation;
(ii) it contains the identity operator from B(H);
(iii) it is closed in the strong operator topology i.e. the topology of point-wise

convergence.

In particular, a von Neumann algebra is a unital =-algebra contained in B(H)
which is closed in the strong operator topology. Equivalently, one can define a von
Neumann algebra as follows: given a subset M < B(H), define its commutant by

M' :={TeB(H):¥SeM,TS = ST}

It is a classical result of von Neumann, known as von Neumann’s double com-
mutant theorem, that a unital =-algebra A € B(H) is a von Neumann algebra if
and only if A = A” [139] Chapter II, §3]. In particular, one checks that for any
subset M < B(H), the set M” is in fact a von Neumann algebra containing M,

called the von Neumann algebra generated by M.

A von Neumann algebra A € B(H) is called a factor if its centre, Z(A) := AnA’}is
equal to Clg(y), where Iz denotes the identity operator in B(H). In some sense,
the factor von Neumann algebras are the building blocks of general von Neumann
algebras: every von Neumann algebra decomposes as a “direct integral” of factor
von Neumann algebras [139 Chapter IV, Theorem 8.21]. Here, a direct integral is
some kind of measurable generalisation of a direct sum. The factor von Neumann
algebras can be further classified into different types: type I, (n € N U {o0}), type



1.5. TYPE I GROUPS 9

IT;, type Ily, and type IIT, (A € [0,1]) [I39, Chapter V]. The type I factor von
Neumann algebras have a very simple structure: they are precisely the algebra B(H)
for some Hilbert space H. The n in type L, just corresponds to the dimension of
‘H. On the other hand, factor von Neumann algebras of type II and type III have a
very complicated structure, and it is generally difficult to construct such algebras.
Algebras of these types arise, for example, from complicated ergodic group actions
[140, Chapter XIII].

Now let G be a locally compact group and (7, H,) a unitary representation of G.
Associated to 7 is the von Neumann algebra that it generates, which is precisely
the von Neumann algebra 7(G)”. Equivalently, it is the closure in the strong
operator topology of the linear span of n(G) in B(H,). The representation 7 is
called a factor if 7(G)" is a factor von Neumann algebra. As is the case with von
Neumann algebras, any unitary representation decomposes as a “direct integral” of
factor unitary representations in a unique way [42] Chapter 8]. So every unitary
representation of G can be broken down into factor representations. The locally
compact group G is called type I if every factor representation of G generates a

type I von Neumann algebra.

One can think of type I groups as those groups with “nice” or “tame” unitary
representation theory. This is further compounded by a classical theorem of Glimm,
referred to as Glimm’s theorem [57], which shows that the property of being type

I is equivalent to many other properties, including:

(i) The space G is a standard Borel space with the Mackey-Borel structure i.e. it
is Borel isomorphic to a complete separable metric space;
(ii) The Fell topology on G is Ty-separable;
(iii) Every unitary representation of G decomposes uniquely as a direct integral of

irreducible unitary representations.

Consequently, when G is a locally compact group which is not type I, a number
of bad things happen. Firstly, there always exists a unitary representation of G
which decomposes into irreducible unitary representations in two very different
ways. In particular, the way in which a unitary representation decomposes into
irreducibles is not an invariant of the representation for non-type I groups. Also,
by Glimm’s theorem, when G is not type I, the measure/topological structure of G
is so complicated that it is effectively impossible to completely describe the unitary
dual of G. Thus it is an important question, not only in representation theory, but

also more broadly harmonic analysis, to understand which groups are type I.

Interestingly, the property of a group being type I is implied by a stronger condition,
called the CCR property, which is a property about the Fourier transform on G.
Indeed, a locally compact group G is called CCR if for all (7, H,) € G and fe
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LY(@), the operator f(r) € B(H,) is compact [52] pg. 230]. The CCR property is
equivalent to the condition that the Fell topology on G is Ti-separable i.e. points in
G are closed [62 Theorem 7.7], so it implies that G is type I by Glimm’s theorem.

The question of which groups are type I has been studied extensively in the lit-
erature over the past century and a lot is understood. For abelian groups and
compact groups, because all of their irreducible unitary representations are finite-
dimensional, it follows immediately from the definition of the Fourier transform
that these groups are CCR and hence type 1. These questions are also generally
well understood in the setting of connected groups. For example, every connected
nilpotent and connected semisimple Lie group is known to be CCR [7, Theorem
6.E.19]. For solvable Lie groups, however, it is a technical problem and there ex-
ist solvable Lie groups which are not type I [3]. Furthermore, a connected locally
compact group is type I if and only if all its Lie quotients are type I (follows from
[7, Theorem 6.E.21]), so in the connected setting, the type I property is really a

question about Lie groups.

The question of which tdlc groups are type I has also been investigated extensively,
however, the state of the research is still very far from having a complete under-
standing of the situation. Previous work in this setting has focused primarily on
algebraic groups over tdlc fields and groups acting on trees. In the setting of alge-
braic groups, reductive groups over arbitrary local fields and linear algebraic groups
over characteristic zero local fields are type I [7, Theorem 6.E.19]. In the setting of
groups acting on trees, the “type I conjecture” has formed a centre point of modern
research in the area: a non-amenable group acting minimally on a regular tree is
conjectured to be type I if and only if it acts transitively on the boundary of the
tree [67, 23]. The “only if” direction is known to be true by [23] but the “if” direc-
tion is still open. There is a similar conjecture for the CCR condition [107] which
is also still open. The “if” direction of these conjectures is known to be true for
non-amenable “(P)-closed” groups acting trees, where an explicit computation of
their irreducible unitary representation can be produced when they act transitively
on the boundary [35], [135]. Recent research in the area has also investigated the

type I property more broadly for hyperbolic (tdlc) groups in [23].

1.6. Totally disconnected locally compact groups

The goal of this thesis is to progress the understanding of the harmonic analysis on
locally compact groups. Given a locally compact group G, the connected component
of the identity in G, denoted G°, is a closed normal connected locally compact
group, and the quotient G/G° is a tdlc group. In particular, G admits the following
short exact sequence

{1} - G° > G- G/G° — {1}.
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As already mentioned in Section 1.1, every connected locally compact group can
be approximated by connected Lie groups. In particular, the following holds: there
exists in G° arbitrarily small compact normal subgroups such that the correspond-
ing quotients are connected Lie groups. Many questions about connected locally
compact groups, including questions coming from harmonic analysis, can be un-
derstood by passing to the Lie quotients of the given group. Since the harmonic
analysis of connected Lie groups has been studied extensively in the past century,
we generally have a good handle of the situation in regards to the harmonic analysis
on the group G°. Thus it makes sense to try to now pursue a deeper understanding
of the group G/G° and its harmonic analysis, which is the point of this thesis.

We will now give some details about tdlc groups and their structure, which is
central to understanding the harmonic analysis of tdlc groups and the work in
this thesis. Firstly, every tdlc group is a direct limit of its compactly generated
open subgroups. Thus, it makes sense to focus on understanding the compactly
generated tdlc groups at least initially, which we will from here on abbreviate as
cgtdlc groups. Now let G be a cgtdlc group, let K < G be a compact generating
set, and choose a compact open subgroup U € G. Such a U always exists since,
by a classical result, every tdlc group has a basis of neighbourhoods of the identity
made up of compact open subgroups [144]. Associated to every such pair (K, U) is
a so called Cayley-Abels graph of G [T8]. This graph, which we will denote by X,
is defined as follows: its set of vertices, V X, is the coset space G/U, and the set of
edges is EX := {{gU,hU} : g,h € G,3k € K,gU = khU}. Of course, the definition
of X depends on the choice of K and U, but X is unique up to quasi-isometry by
the Svarc-Milnor lemma, so X is a quasi-isometric invariant of G' (see also [78]).
One notes that G acts on X vertex transitively and such that, for every vertex
veVX, G, :={ge G:gv=uv}isacompact open subgroup of G. In particular,
every cgtdlc group acts vertex transitively on a connected locally finite graph with
compact open vertex stabilisers, and general tdlc groups are direct limits of such
groups. Thus understanding the harmonic analysis of groups acting on graphs is

critical in the study of harmonic analysis on tdlc groups.

In analogue with how parabolic and unipotent groups are fundamental in the study
of reductive algebraic groups and their harmonic analysis, there are also analogous
subgroups in any locally compact group. These analogous groups in the general
setting are called parabolic groups and contraction groups respectively. We will
now define them. Let G be a locally compact group and o € Aut(G) a bicontin-
uous automorphism of G. Then, the parabolic group and contraction group

corresponding to « are respectively defined as:

P, :={z e G:{a"(x): ne N} is relatively compact}
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and

Uy :={zxeG:a"(z) > idg as n — oo}.
The Levi subgroup associated to « is L, := P, n P,-1. In the case when G is a
tdlc group, the subgroups P, and L, are closed [151], Proposition 3], however, U,
is not always closed. It is shown in [6] that P, = U, % L. The groups P, and U,
are important in the theory of tdlc groups, notably due to their involvement in the
so called scale theory of tdlc groups [6].

In the case that G is a reductive group over a local field, and « is conjugation by an
appropriate diagonal matrix, then the groups P,,U, and L, will be respectively
parabolic, unipotent and levi subgroups in G in the usual sense. See [6], Example
3.13] for further information. This motivates the study of the harmonic analysis
of the groups P, and U, for general automorphisms «. I initiated this study of
harmonic analysis on parabolic and contraction groups in my paper [27], and a

major part of this thesis is concerned with continuing this investigation.

1.7. Overview of thesis structure and results

This thesis is made up of four chapters, each of which is a paper that has already
appeared on the arXiv, and some of which have been published in journals already.
In this section we will briefly summarise the main ideas and results of each of the

four chapters/papers and connect them to the ideas of this introduction.

1.7.1. Chapter 2: Non-Wiener groups with a Gelfand pair (joint
work with Jared White). As mentioned already in the introduction, it is not
well understood which non-discrete tdlc groups are Wiener. The point of this chap-
ter was to make significant progress on this question. In particular, we prove the
following theorem in Chapter [2| (see Theorem B).

THEOREM 1.2. (i) Let X be a connected locally finite graph with infinitely many
ends. If G < Aut(X) is closed, non-compact and acts transitively on the set
of ends of X, then G is not Wiener.

(i) Any non-abelian split reductive algebraic group over a non-archimedean local
field is not Wiener.

The proof of this result depends on a more general criterion we develop for proving
that non-amenable groups with a Gelfand pair are not Wiener (see Theorem A in
Chapter . This criterion essentially says the following: if G is a non-amenable
group with a Gelfand pair, and G has a representation on its Furstenberg boundary
which is irreducible and not unitarizable, then G is not Wiener. This chapter thus
studies boundary representations of groups with a Gelfand pair carefully and has

connections with the recently active literature on this topic [4, 23], (20} [56].
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The work from this chapter naturally suggests the following conjecture: any non-
amenable locally compact group with a Gelfand pair is not Wiener. Some ongoing
work outside of this thesis involves seeing how much the assumption of having
a Gelfand pair can be removed from this work/conjecture. This conjecture is also
further supported by the recent proof that every Hermitian group is amenable [131].
As already mentioned in the introduction, the Hermitian and Wiener properties are

closely connected.

1.7.2. Chapter 3: Weighted Orlicz #-algebras on locally elliptic groups.
As already mentioned, if G is a Hermitian group with polynomial growth, then
L'(G) has a minimal and a maximal ideal for each hull. In particular, a critical
part of understanding the ideal theory of L!(G) for such groups, is understanding
the algebras k(S)/5(S) for each closed S < G. This has been carried out in quite
extensive detail when G is a connected nilpotent real Lie group and S a singleton

or empty set.

Now let G be a tdlc contraction group with contractive automorphism «. If U
is a compact open subgroup of G, then G = U:il a=4(U), so G is an ascending
union of compact open subgroups. A locally compact group which is an ascending
union of compact open subgroups is called a locally elliptic group. Locally elliptic
groups have polynomial growth but are not compactly generated (or less they are
compact). There are also well known examples of locally elliptic groups which are
not Hermitian [53} [71], and for such groups, it is not known whether the minimal
ideal j(9) exists in L' (G) for general closed S G.

In this article it is shown that, for any locally elliptic group G, and in particular,
any tdle contraction group, there exists a weight function w : G — [1,00) such
that L!'(G,w) is a Banach #-algebra with the weighted L'-norm, and, L}(G,w) is
Hermitian, Wiener, has minimal ideals for each hull, and the representation theory
of L'(G,w) is identical to L*(G). In particular, for locally elliptic groups, a weighted
L!'-algebra may be a better choice of group algebra than L*(G).

The results in this chapter are stated much more generally for (weighted) Orlicz
spaces [127], which are generalisations of LP-spaces. If G is a group with polynomial
growth, and ® a Young function, there typically exists a weight w on G such that
the weighted Orlicz space L* (G, w) is a Banach algebra under convolution (see [80],
Theorem 1.1] and [110}, II1]. In contrast, LP(G) is closed under convolution only
if G is compact or p = 1 [I54]. One notes that LP-spaces form a specific class of
Orlicz spaces. Indeed, if ®(x) := |z|P, then ® is a Young function and L® = LP.

The following theorem summarises the results of this chapter.
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THEOREM 1.3. Let G be a locally elliptic group, ® a Young function, and w : G —
[1,00) a symmetric submultiplicative weight such that L®(G,w) is a *-subalgebra of
LY(G). The following hold:

(i) L?(G,w) is quasi-Hermitian i.e. every self-adjoint continuous compactly sup-
ported function in L®(G,w) has real spectrum;
(ii) L®(G,w) is weakly-Wiener i.e. every proper closed ideal annihilates a simple
L?(G,w)-module;
(iii) If ® satisfies the Ag-condition, then L® (G, w) is *-regular i.e. Primy (L?(G,w)),
Primy (LY(G)) and Prim(C*(G)) are homeomorphic;
(iv) The enveloping C*-algebra of L*(G,w) is C*(G).

Furthermore, if L*(G,w) is Hermitian, then it is Wiener, and it has a minimal
ideal for each hull.

The assumption in part (7i7) of the above theorem that ® satisfies the As-condition
is used to guarantee that the continuous compactly supported functions are dense

in L®(G,w), which is not always the case. This, for example, holds in any LP-space.

In Chapter 3, it is also shown that, for any locally elliptic group G, and any Young
function ®, there exist many examples of weights w on G such that L?(G,w) is a
#-subalgebra of L1(G) and L?(G,w) is Hermitian.

1.7.3. Chapter 4: The type I dichotomy for two-step nilpotent lo-
cally compact groups (joint work with Pierre-Emmanuel Caprace). An
important result in spectral synthesis is that, if G is a two-step nilpotent real Lie
group, then points in G are sets of synthesis. An interesting ongoing question in
the harmonic analysis of tdlc groups is to try to extend this result to all two-step
nilpotent contraction groups. In particular, if G is a two-step nilpotent contraction
group, it is natural to ask whether points in G are sets of synthesis. To do this, one
would want to have a better understanding of G for two-step nilpotent contraction

groups, and in particular, know whether they are type I.

In Chapter 4, we study the type I problem in greater detail for general two-step
nilpotent locally compact groups. We develop a number of algebraic-topological cri-
terions that can be used to determine whether a two-step nilpotent locally compact

group is type L. The following theorem states the main criterion that we develop.

THEOREM 1.4. Let G be a two-step nilpotent second countable locally compact group
G with center Z, and 7 an irreducible unitary representation of G with central

character x. Then the following assertions are equivalent:

(i)  is a closed point in the unitary dual (A}';
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(i) The homomorphism wy: G/Z — @, defined by setting wy(9Z)(hZ) =
X([g,h]), has a closed image.

We remark that, if G is a two-step nilpotent locally compact group, then G being
type I is equivalent to points in G being closed. Thus, by this criterion, to determine
whether a two-step nilpotent group is type I, it suffices to analyse the image of w,

for each central character Y.

In Chapter 4, we also apply this result in many settings. Firstly, we tackle the
question of whether unipotent groups over positive characteristic local fields are
type I and CCR, and provide positive results in the two-step nilpotent case. In

particular, we prove the following.

THEOREM 1.5. Let k be a non-discrete locally compact field. The following locally

compact two-step nilpotent groups are all type 1:

(i) The 2n + 1-dimensional Heisenberg group over k, for alln = 1.
(1t) Given a two-step nilpotent Lie algebra g over k with Lie bracket [-,-]q, the
unipotent group E(g) with underlying set g and multiplication defined by v.w =
v+ w4+ [v,w].
(iii) The unipotent radical of a minimal k-parabolic subgroup in an absolutely sim-

ple algebraic k-group of k-rank one.

As a second application of our criterion, amongst an uncountable class of two-step
nilpotent p-torsion contraction groups defined by Glockner-Willis [59, Theorem B],
we show that there are uncountably many non-type-I groups and infinitely many
type I groups. Thus, this paper demonstrates that the type I problem for tdlc

contraction groups is an exceptionally difficult question.

1.7.4. Chapter 5: The affine group of a local field is Hermitian. At
the end of Section 1.3, it was mentioned how the Hermitian property of a group
with polynomial growth is related to its spectral synthesis. All compactly generated
groups of polynomial growth are Hermitian, however, interestingly, there are non-
compactly-generated groups of polynomial growth which are not Hermitian (in
particular, the non-Hermitian locally elliptic groups mentioned earlier [53], [71]).
More generally, research on Hermitian groups has investigated how the growth
of a group relates to it having the Hermitian property. Typically groups with
exponential growth are not Hermitian groups [I13], however, there do exist specific
examples of Hermitian groups with exponential growth. Indeed, the ax + b group

R x R. is a classical example of a Hermitian group and has exponential growth.

It has been posed as an open question in the literature to determine whether there
exist Hermitian tdlc groups with exponential growth (see [112, Question 2, page
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266] and [113] Section 3.6]). A natural example to consider in this direction is the
group Q, x Q;’j. It was unknown whether this group was Hermitian for some time
and was stated as an open question in a number of articles (see [115] Page 1490]
and [T13] Section 3.6]). In this chapter the following theorem is proved.

THEOREM 1.6. Let K be a local field. Then the group K x K* is Hermitian.

When K is a local field, the group K x K* is not unimodular and hence always has
exponential growth. So this paper resolves the question about whether there exist
Hermitian tdlc group with exponential growth, and it resolves the question about

whether @, x Qj is Hermitian.



CHAPTER 2

Non-Wiener groups with a Gelfand pair
with Jared T. White, arXiv:2602.20564.

Abstract

Let G be a non-amenable locally compact group and K a compact subgroup of G
such that (G, K) is a Gelfand pair. We show that if G admits a suitable boundary
representation which is topologically irreducible and not unitarizable, then G is not
a Wiener group in the sense that its Fourier transform does not satisfy the analogue
of Wiener’s Tauberian theorem. As an application, we show that if G is a closed
non-compact boundary transitive group of automorphisms of a connected locally
finite graph with infinitely many ends, or a non-abelian split reductive algebraic

group over a non-archimedean local field, then G is not Wiener.

2.1. Introduction

In 1932, Norbert Wiener’s article entitled Tauberian Theorems was published in
the Annals of Mathematics [I49]. This article contains a number of different well
known theorems in Fourier analysis, many of which receive the label of “Wiener’s
Tauberian theorem” in the literature. One of these results can be formulated as
follows: a function f € L'(R?) (d > 1) generates a dense ideal of L!(R?) if and only
if the Fourier transform of f vanishes nowhere. In the terminology of the present

article, this means that the group R? is a Wiener group.

We shall now discuss how one can formulate a version of this property for general
locally compact groups. Let G be a (possibly non-abelian) locally compact group
and let G denote the set of unitary equivalences classes of irreducible unitary rep-
resentations on G. Given f € L'(G) and a unitary representation (m,H,) of G,
one may define the Fourier transform of f evaluated at m as the operator valued

integral
fm) = L F(@)m(z) da.

The integral here is defined in the sense of Bochner and f(r) is an element of
B(Hr), the space of bounded operators on the Hilbert space H,. Although the
Fourier transform of f is defined on all unitary representations of G, we will from

here on in consider f as a function on the unitary dual G of G, in analogue with the

17
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case of abelian groups. Furthermore, when G is an abelian group, the irreducible
unitary representations of G' can be identified with the unitary characters of G, so
the above integral becomes an integral of complex valued functions, and we have

the usual Fourier transform on an abelian group.

We remind the reader that there is a bijective correspondence between the (equiv-
alence classes of) irreducible unitary representations of G and the topologically
irreducible #-representations of the Banach #-algebra L'(G) [52, §3.2]. This corre-
spondence is given by the map

G — Im, T T
where 7(f) := f(x) for each f € L'(Q).

From the above facts, one can then deduce that the statement that the Fourier
transform of f € L'(RY) vanishes nowhere from the first paragraph is equivalent
to requiring that f, and hence the ideal generated by f, is not contained in the
kernel of any 1-dimensional #-representation of L!(G). Motivated by these facts,

one defines the notion of a Wiener group as follows.

Definition 2.1. A locally compact group G is called Wiener if every proper closed
two-sided ideal I = L!(G) is contained in the kernel of a topologically irreducible

x-representation of L!(Q).

We remark that the study of Wiener’s Tauberian theorem and Wiener groups is
intimately related to the topic of spectral synthesis [10]. Indeed, given a closed
two-sided ideal I = L'(G), one defines the following subset of G, called the hull of
I
hI):={me@G: f(xr)=0Vfel}

Similarly, given S < G closed, one defines a closed two-sided ideal in L!(G), called
the kernel of S:

k(S):={fe LYG): f(r) =0Vre S}
It can be shown that k(9) is the largest closed two-sided ideal I = L!(G) satisfying
h(I) = S. The set S < G is called a set of synthesis if k(S) is the only closed
ideal in L'(G) with hull equal to S. The topic of spectral synthesis can be viewed
in one way as determining which sets in the unitary dual of a locally compact group
are sets of synthesis. The topic of spectral synthesis is an extremely interesting and
heavily studied topic, particularly in the cases of abelian groups (see [65, Chapter
10], [130, Chapter 7] and [74, Chapter 6]) and connected nilpotent Lie groups
[98], [99], 94, [@9]. The property of a group G being Wiener is equivalent to the
empty set (J < G being a set of synthesis.

The question of which groups are Wiener has been investigated extensively, par-

ticularly during the mid-to-late 20th century, and the focus during this period was
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primarily on understanding this property for connected locally compact groups and
discrete groups [88]. There still remains, however, a strong lack of understanding of
which non-discrete totally disconnected locally compact groups (abbreviated tdlec
groups from now on) are Wiener. A main point of this paper is to make further
progress on the Wiener property for this class of groups. We note that this article
fits into a broader project of the first author concerning progressing the harmonic

analysis and representation theory of non-discrete tdlc groups [27), 28], 29), [22].

As already mentioned, Wiener’s result implies that the group R? is Wiener for
any d = 1. It is also a well known and classical result in harmonic analysis that
every locally compact abelian group is Wiener. We are not sure who this result is
originally due to, but one may like to consult [I30, §7.2] and the references therein
for more information. Other classes of groups that are known to be Wiener include
nilpotent groups [95] and compactly generated groups with polynomial growth [92].
In the context of solvable groups, there is exactly one connected exponential (hence

solvable) Lie group with real dimension < 4 that is not Wiener [89].

On the other hand, as far as the authors are aware, there are no known examples
of non-amenable Wiener groups. It is also well known that every non-compact
connected semisimple Lie group is not Wiener [86, Appendix|. Other than some
select examples of solvable Lie groups, these are the only known examples of non-
Wiener groups. The point of this article is to develop a general method for showing
that a non-amenable group with a Gelfand pair is not Wiener. We use our method to
prove that many non-amenable tdlc groups are not Wiener, significantly expanding

the class of non-Wiener groups.

The setup in this article is as follows. Let G be a locally compact group and
suppose that G contains a compact subgroup K such that the convolution algebra of
integrable K-bi-invariant functions on G, denoted by L'(K\G/K), is commutative.
When such a subgroup K exists, the pair (G, K) is called a Gelfand pair. 1t is
shown in [I03] that there exists a maximal cocompact amenable subgroup P of G

such that G = K P and such that we have homeomorphisms
0G=G/P~K/KnP
where 0G denotes the Furstenberg boundary of G.

Now suppose that G is non-amenable. Then, G/P is non-trivial and compact.
The measure on G/P obtained by pushing forward the Haar measure of K via the
homeomorphism G/P =~ K/K n P is K-invariant and its measure class is preserved
by the G-action. Denote this measure by p. For any complex parameter z € C,
define a representation 7, : G — B(L?*(G/P)) given by

7.(g)f(2P) = (ig:(zm) f(g~'eP)
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where g € G and f € L?(G/P). This representation is always strongly continuous.

The main result of this paper is the following theorem. We note that 15/p denotes
the function which is identically 1 on G/P.

THEOREM A. Let G be a non-amenable locally compact group and K a compact
subgroup of G such that (G, K) is a Gelfand pair. Suppose that there exists z € C
with 0 < Re(z) < 1/2 such that the representation 7, is topologically irreducible

and the matrix coefficient

¢:(9) == <(m(9)la/p, La/p)L2(a/p)

is not positive-definite. Then G is not Wiener.

We remark that, by Proposition 2:14] the matrix coefficient ¢, is not positive-
definite in the case that the representation 7, is not unitarizable. This fact is very

useful in applications of the theorem.

We apply Theorem A to give explicit examples of non-Wiener tdlc groups. To
do this, we need to study principal series representations of the following groups

deeply, which is completed in the proof of Theorem B.

THEOREM B. (i) Let X be a connected locally finite graph with infinitely many
ends. If G < Aut(X) is closed, non-compact and acts transitively on the set
of ends of X, then G is not Wiener.

(ii) Any non-abelian split reductive algebraic group over a non-archimedean local
field is not Wiener.

Part (i) of Theorem B resolves an open problem from T. Palmer’s well known
two volume encyclopaedia on Banach #-algebras [115] regarding whether the group
Aut(T) is Wiener, where T is a regular tree (see the last line of the table on page
1490).

2.2. Preliminaries on representations and Gelfand pairs

Here we shall layout some basic definitions and results that will be used through-
out the article. We assume a rudimentary knowledge of the theory of topological
groups, Banach algebras and their various representation theories. We refer the
reader to [145] or [137] for any unproven facts about analysis on Gelfand pairs and

representations respectively.

2.2.1. Conventions. Throughout the article, an ideal is understood to be
two-sided unless otherwise stated. Integration on a locally compact group G is
always performed with respect to some prior fixed left Haar measure.
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2.2.2. Gelfand pairs. We now introduce some of the basic theory of Gelfand
pairs which is the centre point of our article.

Let G be a unimodular locally compact group and K a compact subgroup of G.
Recall that the space C.(G) of continuous compactly supported functions on G is
a x-algebra when equipped with the convolution product and involution f*(x) :=

fla=h).
Corresponding to the pair (G, K) is the so called Hecke algebra defined as
Co(K\G/K) :={f € Cc(G) : f(kgk') = f(g) Yk, K € K,¥g e G}.

This is a =-subalgebra of C.(G) consisting of the functions which are K -bi-invariant.
Of course, we have natural inclusions C.(K\G/K) < C.(G) < L'(G), hence we may
also complete the #-algebra C.(K\G/K) in the L*-norm. This completion, denote
by L'(K\G/K), is a Banach #-subalgebra of L!(G).

Definition 2.2. Let G be a locally compact group and K a compact subgroup
of G. The pair (G, K) is called a Gelfand pair if the algebra C.(K\G/K) is

commutative.

We remark that, if (G, K) is a Gelfand pair, then, since C.(K\G/K) is dense in
LY(K\G/K), it follows that L'(K\G/K) is also commutative. Thus L'(K\G/K)
is a commutative Banach =-algebra. We shall now say a bit about the dual of
LY(K\G/K). To do this, we must define the notion of a spherical function corre-
sponding to the pair (G, K).

Definition 2.3. Let G be a locally compact group and K a compact subgroup of
G such that (G, K) is a Gelfand pair. A spherical function on the pair (G, K)
(or for short, a spherical function on G) is a continuous K-bi-invariant function
@ : G — C such that

Xl = | et
is a non-trivial multiplicative linear functional of the algebra C.(K\G/K).

The following result gives a number of equivalent definitions of a spherical function.

Proposition 2.4. [145] §6.1(ii)] Let G be a locally compact group and K a compact
subgroup of G such that (G, K) is a Gelfand pair. Let ¢ : G — C be a continuous
K -bi-invariant function such that ¢(idg) = 1. Then the following are equivalent:

(i) ¢ is a spherical function;
(i) For all x,y € G we have that

f o(aky) dk = p(2)o(y)
K

where dk denotes the normalised Haar measure on K;
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(iii) For every f € C.(K\G/K), there exists a complex number A(f, ) such that
fro=AJ0)e.

For many examples of Gelfand pairs, the spherical functions can be explicitly de-

termined in a natural way; see for example [145] §7].

Now let ¢ be a spherical function on G. Then, as mentioned above, the function

o) = Lf(x)cp(x’l)dx

is a multiplicative linear functional on C.(K\G/K). If ¢ is furthermore assumed
to be bounded, then by density of C.(K\G/K) in L'(K\G/K), the functional
X, extends to a multiplicative linear functional of L'(K\G/K) which we will also
denote by x,. It is also true that all multiplicative linear functionals of L' (K\G/K)
are formed in this way.

Proposition 2.5. [145 Theorem 6.1.7] Let G be a locally compact group and K
a compact subgroup of G such that (G, K) is a Gelfand pair. For every bounded

spherical function @ on G, the function
Wl = | e

is a multiplicative linear functional on L'(K\G/K). Conversely, every multiplica-
tive linear functional on L*(K\G/K) is of this form.

So we now have a description of the multiplicative linear functionals on C.(K\G/K)
and L'(K\G/K). We shall now give a description of the *-homomorphisms Y :
LY(K\G/K) — C. In particular, we need to determine which multiplicative linear
functionals x of L'(K\G/K) satisfy x(f*) = x(f) for all f € L'(K\G/K). To do

this, we need to consider the positive definite spherical functions.

Definition 2.6. Let G be a locally compact group and ¢ : G — C a continous
function on G. Then ¢ is called positive definite if for all f € C.(G)

[ [ r@mwew o asay = o
G JG

We then have the following result.

Proposition 2.7. [145], Lemma 5.1.8] Let G be a locally compact group and K a
compact subgroup of G such that (G, K) is a Gelfand pair. Let ¢ be a spherical
function on (G,K). If ¢ is positive definite, then for all g € G, ¢(g) = ¢(g~1) =:
©*(9). In particular, x,(f*) = X, (f) for all f € Ce(G), so x, : LN(K\G/K) — C

is a #-homomorphism if ¢ is positive-definite.

In a similar light, we also have the following equivalences.
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Proposition 2.8. [153 Lemma 9.2.5] Let G be a locally compact group and K a
compact subgroup of G such that (G, K) is a Gelfand pair. Let ¢ be a spherical
function on (G, K). Then the following are equivalent:

(i) @ is positive definite;
(1t) xo(f* f*) =0 forall fe C.(K\G/K).

If ¢ is furthermore assumed to be bounded, then (i) and (ii) are equivalent to:
(iii) xo(f * f*) =0 for all f € LY(K\G/K).

A consequence of Proposition 2.7 is the following.

Corollary 2.9. Let G be a locally compact group and K a compact subgroup of G
such that (G, K) is a Gelfand pair. Suppose that there exists a bounded spherical
function ¢ on G that is not positive definite. Then, the kernel of x, in L'(K\G/K)
is not *-closed.

PROOF. Suppose for a contradiction that kerpix\q/i)(Xy) is #-closed. Let
[ € kerpig\a/k)(Xe). We compute that

xw(f*)==J;f*(x)w(xfl)dx==‘£;f(w*9¢%x*1)dx

- [ t@p@d = | s ds = D).
G G

In particular, f* € kerp1(x\q/x)(Xy) if and only if f € kerp g\ k) (Xp* ). Since
kerz1(x\a/K)(Xy) is #-closed by assumption, one deduces that kerz1(\q/x)(xp) =
kerz1(g\a/i)(Xp#). This implies that the span of x, and the span of X, are
equal in the dual L'(K\G/K)*. In particular, there exists a constant A € C such
that Ay, = Xxo*. Now let 1 € L'(K\G/K) be the characteristic function on K.
Assume that the Haar measure on K has been normalised to have volume 1. Then
one computes that x,#(1x) = 1 and Ax,(1x) = A. Thus A = 1 since Ax, = xp*,
and 80 X, = Xe#. It follows from this that ¢ = ¢*. But, by Proposition this

contradicts the fact that ¢ is assumed to not be positive definite. (]

2.2.3. Smooth and admissible representations. We start by recalling
some definitions. Throughout this section all vector spaces will be over the field of
complex numbers. A representation of a locally compact group G is a pair (7, V),

where V is a vector space and 7 : G — GL(V) is a homomorphism.
Definition 2.10. Let G be a tdlc group and (7, V) a representation of G.

(i) A vector v € V is called smooth if the subgroup G, := {g € G : w(g)v = v}
of G is open.

(ii) The representation 7 is called smooth if every v € V is smooth.
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(iii) The representation 7 is admissible if for every compact open subgroup K <
G, the subspace of fixed vectors VE = {v e V : n(k)v = v Vk € K} is
finite-dimensional.

(iv) Suppose that there is a norm ||-|| on V. Then 7 is continuous if for allv e V,
the map g — m(g)v is continuous with respect to the group topology on G
and the topology induced by the norm on V.

There exists the following equivalent characterisation of a smooth representation.
We denote the set of compact open subgroups of a tdlc group by COS(G). The
proof of the following proposition is obvious after noting that every open subgroup
of a tdlc group contains a compact open subgroup.

Proposition 2.11. Let G be a tdlc group and (w,V) a representation of G. Then
the following are equivalent:

(i)  is smooth;

(i) V = Ugecos) V"

We also note the following well known equivalences of the property of a represen-
tation being admissible. See for example, [137, §1.5].

Proposition 2.12. Let G be a tdlc group and (w, V) a smooth representation of
G. Then the following are equivalent:

(i) (m,V) is admissible;
(i) For every K € COS(G), V decomposes as a direct sum of irreducible smooth
K-modules each occuring with finite multiplicity.

Given any representation (m, V) of a tdlc group G, the space V= := (Jgccos(a) VE
is a subspace of V invariant under the action of 7, and it is precisely the subspace
of smooth vectors in V.

Proposition 2.13. Let G be a tdlc group and (w,V) a smooth admissible repre-
sentation of G. Let ||-|| be a norm on V with respect to which 7 is continuous and
denote by (7?,‘7) the completion of this representation with respect to this norm.
Then the following are true:

(i) VE — yK for all compact open subgroups K of V;
(i) V* =V;
(iii) Every closed G-invariant subspace of V intersects V non-trivially. In par-
ticular, (w, V') is algebraically irreducible if and only if (7, ‘7) 1s topologically
irreducible.

PROOF. (i) Since 7 is a smooth admissible representation, V¥ is finite-dimensional
for all compact open subgroups K € COS(G). Now fix a compact open subgroup
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K of G and suppose that VX % VK. Let v e VE\VE. By density of V in V,
there exists a sequence (v,)%_; < V such that v, — v as n — 00. Then, since the
projection

PE.V - VK,U'—)J F(k)v dk
K

is continuous, it follows that P¥ (v,) — PX(v) = v as n — c0. But since v,, € V for
each n, PX(v,) e VX for each n. So we have found a sequence in V¥ converging

tovin V. But VK being finite-dimensional must be closed in ‘7, sove VK,
(ii) By part (i), VX = VE for each K € COS(G). Thus V® = Urkecos@) VE =
UKGCOS(G) VE=V.

(#i7) Suppose that W < V is a closed G-invariant subspace and let w € W be
non-zero. To show that W intersects V non-trivially, it suffices to show that there
exists a compact open subgroup K € COS(G) such that P (w) # 0. Suppose for a
contradiction that this is not the case, that is, for every K € COS(G), PX(w) = 0.

Let p denote the Haar measure on G. Let X := {K € COS(G) : u(K) < 1}. Note
that X is a directed set when equipped with reverse set inclusion as the ordering.
Then, (PX(w))gex is a net in V. We claim that it converges to w. Indeed, for any
KeX

1P (w) = wl| =

L{ *(k)w dk — wH

< sup |7 (k)w — w|| .
keU
So by continuity of 7 (at the identity of G), for every € > 0, there exists a compact
open subgroup Ky € X such that

[ PR (w) — w|| < sup |F(k)w —w|| <e.
k}EKo

This implies that the net (P*(w))gex converges to w. Since w is assumed to be
non-zero, there must exist a compact open subgroup K € X such that P (w) # 0.
This implies that PX (V) < VX intersects W non-trivially.

To prove the second claim of (i), suppose that (7, V) is algebraically irreducible,
and let W be a closed invariant subspace of V. Then by the previous argument,
V n W is a non-trivial invariant subspace of V', so we must have that V' € W since
V' is algebraically irreducible. This implies that W = V since W is closed and V is
dense in V. So (%, V) is topologically irreducible.

To prove the converse, suppose that (7, XN/) is topologically irreducible. Then, let
W be a non-trivial G-invariant subspace of V. Note that W is smooth and ad-
missible since it is a subrepresentation of a representation satisfying these prop-
erties. We need to show that W = V. Since the closure of W in V is a closed

non-trivial G-invariant subspace of 17, it follows that W must be dense in ‘7,



26 2. NON-WIENER GROUPS WITH A GELFAND PAIR

since V is topologically irreducible. Then, for every compact open subgroup K
of G, the projection PX is continuous. Thus it follows that PX(W) = W
is dense in PE(V) = VE = VK for every K € COS(G). But WX is finite-
dimensional since W is admissible, so W¥ must be closed, hence W& = VK
for every K € COS(G). But since both W and V are smooth, we have that
W = Ukecos(q) Wk = UKEQOS(G) VE = V. This implies that V is algebraically
irreducible and completes the proof. O

Finally, we have the following result which will be used later in the article.

Proposition 2.14. Let G be a tdlc group and (w,V) a smooth admissible alge-
braically irreducible representation of G. Let {-,->:V xV — C be an inner-product
on V' with respect to which m is continuous but not necessarily unitary. Suppose
that there exists a v € V such that the matriz coefficient o(g) := {(w(g)v,v) is

positive-definite. Then, the representation (m,V) must be unitarizable.

PROOF. Since span{m(g)v : g € G} is a G-invariant subspace of V, and since
(m, V) is algebraically irreducible, we must have that V' = span{n(g)v: g€ G}. In
particular, every element of V' can be written as a sum of the form "' | ¢;m(g:)v
with ¢; € C and g; € G for each 1.

Now define a bilinear form B : V x V — C by

n m
B ( Z cim(gi)v, Z dﬂr(hj)v> = Zcijj@(hglgi).

i=1 j=1 i,j
One checks easily that B is G-invariant. It follows from Proposition that B is
Hermitian and B is positive since ¢ is positive-definite. We now claim that B is
definite. Indeed, ker(B) := {w € V : B(w,w) = 0} is a proper G-invariant subspace
of V by [62] Theorem A.3], so ker(B) must be trivial since (7, V) is algebraically
irreducible. Thus B is a G-invariant positive-definite Hermitian form on V, in

particular a G-invariant inner-product, so (m, V') is unitarizable. O

2.2.4. Contragradient representations and matrix coefficients. Here
we introduce some notation concerning contragradient representations and matrix

coefficients.

Let G be a tdlc group and (7, V') a smooth representation of G. Throughout this
section and the remainder of the article, V will be used to denote the (complex)

vector space dual of V. There is a representation 7 : G — GL(V) given by

#(9)0(v) = (n(g™")v)

forﬁeV,veVandgeG.
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Corresponding to the representation (m, V') is also the complex conjugate represen-
tation denoted by (7, V). Here V is the vector space V where we have defined a
new scalar multiplication by ¢ pew v := € oqiq v for c€ C and v € V = V. The

representation 7 then acts on V by 7(g)v = n(g)v for ve V.

Definition 2.15. Let G be a tdlc group and (7, V) a smooth representation of G.

We use the following terminology:

(i) The contragradient representation of (w, V'), denoted by (7, ‘7), is the sub-
representation of smooth vectors in (7, ‘A/),
(ii) The Hermitian contragradient representation of (m, V), denoted by (7, V™),

is the complex conjugate representation of (7, ‘7)

The concept of contragradient representations allows us to formulate a type of

matrix coefficient for general smooth representations.

Definition 2.16. Let G be a tdlc group and (7, V) a smooth representation of G.

Given v e V and v e V', a function of the form

(m(g)v,0) :=v(m(g)v)

will be called a matriz coefficient of the representation (m, V).

2.2.5. Induced representations. Let G be a tdlc group and H a closed
subgroup of G. In this subsection we discuss how to induce a smooth representation
(o, W) of H to a smooth representation of G. There are multiple types of induction
that will be discussed. We refer the reader to [I37, §1.7] for further information.

Fix a smooth representation (o, W) of H for the remainder of this section. Define

a space of functions associated to this representation by
V7i={f:G—W: f(gh) =a(h™')f(g9) ¥h e H,
U € COS(G) s.t. f(ug) = f(g9) Vue UVge G}.

We may also consider the subspace of compactly supported functions in V' which
we will denote by V2. Then, the induced representation (resp. compactly
induced representation) of o to G is denoted by ind% (o) (resp. c-ind% (o)) and
acts on V7 (resp. V.7) by the left regular representation of G.

One notes that the representations ind% (o) and c-ind% (o) are isomorphic if H is

cocompact in G i.e. the coset space G/H is compact.

2.2.6. Boundary representations and the Iwasawa decomposition. In
this subsection we recall some definitions and facts about boundary representations
on groups with a Gelfand pair. We also note down some results and discussion from

the following paper of Nicolas Monod [103].
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We summarise in the following statement the main results of the paper [103].

THEOREM 2.17. [I03] Let G be a locally compact group and K < G a com-
pact subgroup such that (G, K) is a Gelfand pair. Then, there exists a cocom-
pact amenable subgroup P < G such that G admits an Iwasawa decomposition
G = KP. Furthermore, if P is chosen to be mazimal, then we have homeomor-
phisms 0G ~ G/P ~ K/K n P, where 0G denotes the Furstenberg boundary of
G.

Suppose that we have a Gelfand pair (G, K) where G is non-amenable and choose
P a maximal cocompact amenable subgroup of G such that G = K P. Let i denote
the measure on G/P obtained by pushing forward the normalised Haar measure on
K via the homeomorphism G/P =~ K /K nP. The measure y on G/P is K-invariant

and the G-action preserves the measure class of u. However, u is not G-invariant.

Now let Ap denote the modular function on P. This modular function is always
non-trivial as a consequence of assuming that G is non-amenable (see, for example,
[62] Theorem 2.51] for more details). Define a function p on G by p(kp) := Ap(p)
for k € K and p € P. Then, by the results of [52] §2.6], p is a continuous function
on G and we have that

d -1
9K (1 p) = plg"2)
dp p(z)

One should note that the function defined by

1

c:GxG/P —Roo,(g,2P) — %(xp) - p(ﬁ(:c)x)

is well known to satisfy the cocycle identity.

We now define the following boundary representations, maintaining the notation as
given above. In the following definition, given p € [1, 00), we denote by B(L?(G/P))
the space of bounded operators on the Banach space LP(G/P).

Definition 2.18. Given p € [1,00) and z € C, we define a representation m, , :
G — B(L?(G/P)) whose action on f € LP(G/P) is given by

7o (0 f(@P) = (fﬁjﬂxm) f(g~'xP)

for g,z € G. In the case when p = 2, we will denote the representation by m,

instead of 7, ».

From now on, any representation of the form of a representation in the above
definition will be referred to as a boundary representation on the Gelfand pair
(G, K). We remark that for a general complex number z, a boundary representation

need not be unitary nor irreducible, even in the case when p = 2.
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‘We now show that these boundary representations are continuous.

Proposition 2.19. For everyp € [1,0) and z € C, the representation (w, ,, LP (G/P))
is (strongly) continuous i.e. for all f € LP(G/P), the map

G— LP<G/P)’9 — WZ,P(g)f

is continuous with respect to the group topology on G and the norm topology on
L*(G/P).

PROOF. Let U be a symmetric compact neighbourhood of the identity in G.
We first claim that the map g — ||7rz,p(g)|\B(L,,(G/P)) is bounded on U. Indeed,
since the function p is continuous, and U x G/P is a compact subset of G x G/P,
the map (g,zP) — %ﬁ‘(xP) = p(g(;l)x) is bounded by some constant M > 0 on
U x G/P. Then, we have that, for any f € LP(G/P) and g€ U

dgp

@) (g™ aP)

p du(xP)> 1/p

p du(xP)) 1/p

p -1

g e
L ap) du(xm)

() [l e = (J
72 (DSl o (ayp) o

(|
G/P

|
G/P

(|
G/P

p+1

=M ”f”LP(G/P) :

N

flg~ aP)

f(zP)

p

d(aP)) "

f(xP)

p+1

Thus, by definition of the operator norm, we have that |7 ,(g) HB(L,,(G/P)) <M
forall ge U.

Now, to prove the proposition, it suffices to show that m,, is continuous at the
identity. In particular, we need to show that, for every f € LP(G/P), and every
€ > 0, there exists a neighbourhood W of the identity in G such that

||7Tz,p(g)f - f”Lp(G/P) <e€

for all g € W. So fix f € LP(G/P) and € > 0 for the remainder of the proof. We
will now find such a neighbourhood W.

Since G/P is compact, the continuous functions on G/P are dense in LP(G/P). So
we may find a continuous function f’ on G/P such that
!
Hf - f”LP(G/P) S

€
p+1
P

oM +1)
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Also, by continuity of p and uniform continuity of f’, we may find neighbourhoods
Uy and U, of the identity in G such that

plg~'z)\" , “1.P) — (g~ 1s
(9-2) pigior) - igar)| <

for all (g,2P) € Uy x G/P and

1o

€
4

for all (g,xP) € Uy x G/P. Now let Ag denote the left regular representation of G.
Then, for all g € U; n Uy, we have that

[f'(g7 2P) = f'(xP)| <

7@ = 7l oy = [720(@)S = Ae(@)F + 260 = I ey
V' =26 | poarmy + 1@ = Flloiaymy

< Hﬂ'z,p(g

- (Lv (p(z(xl)x)>zf/(gle) — f'(g"'aP) pdu(xP)>1/p
i (L J'g™ aP) = ['(xP) pdu(mP)>1/p

e\ VP N

< | + (= =—-4+-=_.

(5) +(5) -i+i

Finally, setting W := U n Uy n Us, we have that, for all g e W,

Hﬂz,p(g)f - f”LP(G/P)
< | mp(9)f = (D F | oiaypy + 1m0 F = Flloiaymy + I = Fll oy
< (||7Tz,p(9)||B(Lp(G/p)) +1) ||f - f/HLp(G/p) + Hﬂ'z,p(g)f/ - f/HLp(G/P)

M ) — 1 fo.
oM +1) 2
This completes the proof. (I

The point of the remainder of this subsection is to show that if G is a tdlc group
then the subrepresentation of smooth vectors in a boundary representation is nat-
urally isomorphic to parabolically inducing a certain character from P. So for the

remainder of this subsection, we assume that G is tdlc group.

—Zz

Now let z € C and consider the representation o, := indIGp(A p°), where the induc-
tion is as defined in the last section. Since P is cocompact in G by definition, we
also have that o, = c-ind%(A5?).

Let V, denote the representation space of the representation o,. By definition of V,
in the last section, we may restrict functions in V. to K. One checks that restricting
functions in V, to K defines a map

Ry : V., — C*(K)
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where C*(K) denotes the space of locally constant functions on K. The image of
this map is precisely those functions in C*(K) who are right translation invariant

by K n P. Thus, R may in fact be seen as a map of the form
Rk :V, > C®(K/K n P)

where we view C* (K /K n P) as a subspace of C*(K). Since our group G admits
an Iwasawa decomposition G = K P, one can check using this that Ry is a bijection
and hence identifies V, with C*(K/K n P). Consequently, the isomorphism type
of the representation space V, does not depend on the complex parameter z.

Define a norm on V, by

1y o= ( [ Rt a) "

for f € V,. The completion of V, with respect to this norm is a Banach space
which we denote by E, ,. The map Rg extends by continuity to E, , and gives an

isomorphism of E, ,, with LP(K /K n P) i.e. a linear isometric isomorphism
Ry : E., — LP(K/K n P).

Also, since o, acts on V, via the left regular representation, it is continuous with
respect to the norm || - || . Thus we may extend the representation o to E, j by

continuity, and the resulting representation of G' will be denoted by o j,.

We define the following map which we shall use in the following proposition:

¢:K/K P —G/P,k(K nP)— kP.

The map ¢ is a homeomorphism. Then, maintaining the notation as laid out in

this subsection, we have the following.

Proposition 2.20. For every p € [1,00) and z € C, the linear map
Usp: Bep = LP(G/P), f — Ri(f) o™

is an isometric isomorphism of Banach spaces. Furthermore, it intertwines the

representations m, , and o, p i.€.

Uz p0zp(9) = 72 p(9)Us p
forallge G. Thus 0, p, =7, p.
PROOF. One checks easily from the definitions that U, , is an isometric iso-

morphism. We now show that U , intertwines the representations 7, ), and o ;.
It suffices to show, by density of V; in E, ,, that given f eV,

Usp(92p(9)(f)) = 72p(9) (U= p(f))
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for all g € G. Let x € G and write z = kp for some k € K and p € P. Note that
U.»(f)(@P) = f(k). Given g € G, write g~k = ab for a € K and b € P. Then,
g 'z = g 'kp = abp. Since bp € P, we have that

plg~'x) = Ap(bp) = Ap(b)Ap(p) = (g~ k)p(x)

from which it follows that p(g~1k) = p(%;)x). We then compute that

Usp(02 (@) () (2P) = (02(0) (F))(K) = Fg™ k) = F(ab)
= AR f(a) = A5 (B)f(a) = plg~ k)" f(a) = (p(g ““’)) f(a).

Similarly, we compute that

(72 (0) (U (1)) (@P) = ("(/f(x))) U.(F)g2P)
(DY e - (29D
- (M) vatneen) - (M40 s

Thus it follows that U, ,0,,(9) = 7.,(9)Us, on the dense subspace V, for all
g € G. By continuity, it follows that U, , intertwines o, and 7, ,. This completes
the proof. O

2.2.7. A theorem of Godement. In this section we discuss a result from [61]
that we will use in the proof of Theorem A. Some of the notation and terminology
in [61] is dated and requires some effort to understand, so we do this to clarify the

result from Godement we use and to clarify our proof of Theorem A.

Let G be a locally compact group and K < G a compact subgroup. Given o € K ,
we write p, := dim(o) Xy, where y, := Tr(o) is the character of o. Note that
po € LY(K) is a self-adjoint idempotent.

Let m be a topologically irreducible representation of G on a Banach space E and
define

P, :=1(py) = JK m(k)ps (k) dk.

The operator P, is a projection of E onto a closed subspace that we denote by
E(c). The subspace E(o) is precisely the o-isotypic subspace of the representation

7T|K.

Godement proves the following fact in his article (see [61] §8]).

Proposition 2.21. [61] §8] Let G be a locally compact group and K a compact
subgroup of G. Let w be a topologically irreducible uniformly bounded representation
of G on a Banach space E. Suppose that for every o € K we have dim(E(c)) < 0.

Then kerp1 () is mazimal amongst the collection of closed ideals of LY(G).
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Remark 2.22. In a unital Banach algebra, maximal ideals are automatically
closed, so maximal and maximal closed are the same thing. However, in the non-
unital setting, it can happen that an ideal is maximal closed but not maximal in
the set of all proper ideals (see [61], pg. 515-516].)

We now show that if (G, K) is a Gelfand pair and 7 ,, is a boundary representation
of G for some z € C, then the finite-dimensionality assumption of Proposition [2.21

is satisfied.

To do this, let G be a locally compact group and p € [1,00). The left-regular
representation of G on LP(G) will be denoted by Ag,p.

Lemma 2.23. Let K be a compact group, o € K and p € [1,0). Then Ak »(ps) is

finite rank.

PRrROOF. Given 7 € IA(, let F’- be the span of the matrix coefficients of 7 inside
L?(K). Since 7 must be finite dimensional, the subspace F is finite dimensional,
hence F; is closed. By [52, Theorem 5.11], span ] __z F- is dense in LP(K). Now
consider a finite linear combination f := " | fr, where 7,...,7, € K and fr, € Fy,
for each . Then the orthogonality relations imply that

)‘K,P(pa)f =d, ZXia* Jr =ds Z Xz * [r, € F7.
=1

i=1
Now, a generic f € LP(K) can be written as a limit f = limg fg, where each
fs €span | J__z Fr. Then for each index 3 we have Ak ,(ps)fs € I by the above,
so that Ax »(po)f = limg Ak ,(po) f3 € F5 as well. Hence the image of Ak ,(ps) is
contained in Fs, which proves the result. ([

Proposition 2.24. Let G be a locally compact group and K a compact subgroup
of G such that (G, K) is a Gelfand pair. Let P be a mazimal cocompact amenable
subgroup of G such that G = KP. For z€ C and p € [2,0), consider the boundary
representation 7, , of G on E := LP(G/P). Then, for every o € K, dim(E(0)) <
0.

ProoOF. Recall from Section that we have a homeomorphism G/P =~
K/K n P. Also, note that, for any k € K and z € G, p(k~'z) = p(x). Thus, for
ke K and f € LP(G/P) we have

(2.2.1) T.p(k) f(xP) = f(k~'zP)

since "(E(;l)x) = 1. Also, since we have a homeomorphism G/P =~ K/K n P,

L?(G/P) may be identified with LP(K/K n P), which in turn may be identified
with the subspace of LP(K) consisting of functions that are constant on cosets of
K n P. Under this identification, equation (2.2.1)) tells us that the action of w, ,
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when restricted to K coincides with the action of the left-regular representation
Ak ,p on the subspace LP(K /K n P). Thus, given o € K, we have rank(m; ,(ps)) <
rank(Ag »(po)) < 0. The proposition then follows immediately. O

2.3. Proof of Theorem A

Throughout this section we assume the hypotheses and notation specified in The-
orem A.

We start with the following lemma. A Banach x-algebra A is called Wiener if every
proper closed ideal of A is contained in the kernel of a topologically irreducible non-
degenerate =-representation of A [I15] Definition 11.5.3]. This just generalises the

definition given for L!(G) in the introduction.

Lemma 2.25. Suppose that A is a Wiener Banach %-algebra. Then every mazimal
closed ideal of A is #-closed.

PRrROOF. Suppose that A has the Wiener property and let I be a maximal
closed ideal of A. According to the Wiener property, there exists a non-trivial
w-representation 7 of A with I € ker(7). By maximality of I, we must have that

ker(w) = I. Since 7 is a *-representation, ker(r) is #-closed, and so [ is #-closed. O

We now prove some lemmas about boundary representations and their matrix co-
efficients.
Lemma 2.26. Fiz z € C with 0 < Re(z) < 1 and define p := 1/Re(z). The

representation (. ,, LP(G/P)) is an isometric representation.

PROOF. Indeed, for any f € LP(G/P), one makes the following computation:

72 (D FIE oy = L/P o) f(@P)| du(eP)
= %x ) l ’ T
-1, (26r) saer)| auter)

_ % PRe) -1 p
[, Cten) it eP i ante)

_ dgpu _ dpe _
= |, Pt PP g P autg )

- J H(g™ 2P) P dulg 2 P) = | cm - O
G/P

Lemma 2.27. For any z € C with 0 < Re(z) < 1, the matriz coefficient . is
bounded.
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PROOF. Set p := 1/Re(z). By the previous lemma, the representation (= ,, LP(G/P))
is an isometric representation. Now consider 1g/p simultaneously as the charac-
teristic function on G/P (which is an element of LP(G/P)) and as the constant 1
linear functional in LP(G/P)* =~ L%(G/P), where ¢ is the Holder conjugate of p.
Then, the corresponding matrix coefficient as defined in Definition is given by

(29 La/p, Layp) = fG/P <(iigi(ﬂcP)> du(zP).

But one checks easily that this matrix coefficient is precisely equal to the ma-
trix coefficient ¢.(g) = (7.2(9)1a/p, La/p)r2(c/p)- The result then follows from

the fact that matrix coefficients of an isometric Banach space representation are
bounded. d

Lemma 2.28. Let z € C with 0 < Re(z) < 1/2. Set p := 1/Re(z). If the
representation (1,2, L*(G/P)) is topologically irreducible, then the representation

(74,0, LP(G/P)) is also topologically irreducible.

PROOF. Assume that (7, 2, L?(G/P)) is topologically irreducible. Then, since
p > 2 and G/P is compact, LP(G/P) < L*(G/P). This implies that L?(G/P)* <
L?*(G/P)*. By Proposition iii), since L?(G/P) is topologically irreducible,
L?*(G/P)® is algebraically irreducible. But L?(G/P)® is a non-trivial submodule
of L2(G/P)®, hence, LP(G/P)* = L?>(G/P)*. Thus LP(G/P)® is algebraically
irreducible, and by applying Proposition iii) again, we get that (7, ,, LP(G/P))
is topologically irreducible. O

We now prove Theorem A.

Proof of Theorem A. Suppose the hypotheses of Theorem A. Fix z € C with
0 < Re(z) < 1/2 such that the representation (o, L?(G/P)) is topologically
irreducible and the matrix coefficient ©.(g) := (7. 2(9)1a/p, La/p)r2(G/P) is DOt
positive definite. Set p := 1/Re(z) € (2,%0). Then, by Lemmal[2.26and Lemmal[2.28]
(72, LP(G/P)) is an isometric representation and it is topologically irreducible.

Since (7, ,, LP(G/P)) is an isometric representation, it extends to a representation
of L'(G) which we also denote by (., LP(G/P)). Furthermore, by Proposition
it follows that the representation (7 ,, L?(G/P)) satisfies the hypotheses of
Proposition and thus the kernel of (r, ,,, LP(G/P)) as a representation of L!(G),
denoted by I := kerpi(g)(m.,p), is a maximal closed ideal in L' (G). To complete
the proof of Theorem A, by Lemma [2.25] it suffices to show that the ideal I is not
x-closed.

To do this, note that by Lemma[2.27] the matrix coefficient ¢, is bounded and hence
defines a character x,,_ of L' (K'\G/K) whose kernel, denoted J := ker 1 (x\c/k) (X, )
is not #-closed by Corollary To complete the proof, it suffices to show that
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I n LYK\G/K) = J. Indeed, since L*(K\G/K) is a =-subalgebra of L'(G), if I
was #-closed and I n L'(K\G/K) = J, then J must be #-closed too, which would
be a contradiction.

To see that I n L}(K\G/K) = J, let 1 denote the characteristic function on K.
We know that L} (K\G/K) = 1+ L*(G)* 1. Now suppose that f € L(K\G/K).
Then f = 1g # f* L1x and so 7, ,(f) = 7s p(Lx)72 p(f)72 p(1k). Note that the
operator 7 ,(1x) is the projection onto the span of 15/p in LP(G/P), thus, one
sees that 7, ,(f) = 0 if and only if 7, ,(f)1x = 0.

Since 7, ,(f) = 7o p(Li)7ep(f)T2p(Lk), there must exist A(f) € C such that
T p(f)la/p = M f)1g/p. But using the matrix coefficient as defined in Definition
and viewing 1,/p simultaneuosly as an element of LP(G/P) and LP(G/P)* =
L1(G/P) (where ¢ is the Holder conjugate of p), we have that

MﬁZ@wgﬂwﬁhmﬁZLﬂ@@w@ﬂmﬁMmﬂw

- | @)@ e im A = e (D)

Thus 7, ,(f) = 0 if and only if x,. (f) = 0. This implies that I n L'(K\G/K) = J
which completes the proof. (I

2.4. Proof of Theorem B
In this section we complete the proof of Theorem B from the introduction.

2.4.1. Proof of Theorem B(i). We now give a proof of Theorem B(i). To
start, we introduce some preliminary notation and results from the literature that

will be used in the proof.

Let d; and ds be two natural numbers > 2 and denote by Tg, 4, the semi-regular
tree of degree (d1,dz). In particular, Ty, 4, is the infinite bipartite tree such that,
with respect to the associated bipartition of the vertex set VTy, 4, = X 1Y, all
the vertices in X have degree d;, and all the vertices in Y have degree d,. We
refer the reader to [51, Chapter 1] or [34, Chapitre I] for further information on
(semi-)regular trees and groups acting on them. Standard terminology and results
from these references will be used in this section.

The following is a consequence of the results in [108].

Lemma 2.29. [108] Let X be a connected locally finite graph with infinitely many
ends and suppose that G < Aut(X) is a closed non-compact subgroup acting transi-
tively on the boundary of X. Then, there exists natural numbers dy = 2 and do > 3,
such that, G admits a quotient onto a closed subgroup H < Aut(Ty, 4,) which acts

transitively on the boundary of Ty, 4, and has at most two orbits on the vertices.
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It is well known that the property of a group being Wiener is preserved under taking
quotients [I15, Theorem 11.5.4], thus, to complete the proof of Theorem B(i), it
suffices to show that any group satisfying the properties of H in the lemma is not

Wiener. We now proceed with proving this fact.

So for the remainder of this section we fix natural numbers d; > 2 and dy > 3, and
fix a closed subgroup G < Aut(Ty, q4,) which is not compact, acts transitively on
the boundary of Ty, 4,, and has at most two orbits on the vertices. Now let v be a
vertex of Ty, 4, and o0 an end of Ty, 4,. We set K and P to be the subgroups of
automorphisms of G that fix v and oo respectively. It is well known that (G, K) is
a Gelfand pair [133 Lemma 3.2.12] and that P is a maximal cocompact amenable
subgroup of GG such that G = KP.

Let (vn)nen be a ray in the tree Ty, g, which lies in the end co. For every p € P,
and n sufficiently large, there exists a k € Z such that p(v,) = p(vpir). We then
define a function v : P — Q given by v(p) := k/2. This can be shown to be a
homomorphism and its definition does not depend on the choice of the ray (v, )nen
(see [34], Chapitre I]). Then, following the work of [34] Chapter 2|, one defines for
every A € C a character x* on P given by

XMp) == (Vdido ).

We then consider, as done again in [34, Chapter 2|, the smoothly induced repre-

sentation 7 := indg(x)‘) whose representation space is given by

VX ={feC®G): flgp) = x () f(9),9€ G,pe P}.

As discussed in the preliminaries, restricting functions in V* to K gives rise to an
isomorphism Ry : VA — C®(K/K n P), where we consider C*(K/K n P) as a
subspace of C*(K). On V*, one then defines a Hermitian form by

fogdx = L PR (8 dk.

The completion of V* with respect to this form is a Hilbert space denoted by H*,
and it is shown in [34] Proposition 2.1.2] that 7 extends to a bounded represen-
tation on H*, denoted by II*.

Now let ¢ : K/K n P — G/P denote the canonical homeomorphism. It is a conse-
quence of the results in [34) Section 2.2] that the map Rx o1 : V* — C®(G/P)
extends to an isometric isomorphism U : H* — L?(G/P). Furthermore, it is a
consequence of [34) Proposition 2.2.1], that if z € C such that A = (dyd2)*~ 2, then
Ull*g) = m.(g)U for all g € G, where (., L%(G/P)) is the boundary represen-
tation as defined in the preliminaries of this article. In particular, II* and 7, are

equivalent representations for A = (dydy)*~ 2
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Using [34, Théoreme 2.4.6], one deduces that 7, is topologically irreducible pro-
vided the following hold:

o z#1+ 10;&”22) for k € Z;

2mik .
z#log(dd)forkez

log(dy) wi(2k+1)
z # 1og%d1212) + Toa(ds d2) for k € Z;

log(ds2) wi(2k—1)
z # 1og%d1§2) + Toa(dids ) for ke Z.

Now, let 1 i denote the characteristic function on K which is contained in the space
C®(K/K n P) =~ V* = H*. Then, one checks by definition of U that for all g € G

¥a(g) == A (g)lk 1gy = U ma(g) ULk, 1)
= <7Tz<g)U]lK7 U]1K> = <7rz(g)]lG/P7 ]lG/P> = Soz(g)

where we again have that A = (dydy)*" 2.

By [34] Proposition 3.2.2(1)], if A;, A2 € C, ¥y, = ¥y, if and only if Ay = Ay

or \y = /\_1. This implies that, for 21,20 € C, ¢,, = ¢., if and only if z; =

zo + 10;&’:32) orz; =z +1+ logQ(ZiZQ) for some k € Z. Then, one checks that for

2€C, p¥(g) = v.(g71) = p_z(g) for all g € G. Tt is then easy to find z € C with

0 < Re(z) < 1/2, Re(z) # 1;;%5‘11(111), Re(z) # 1;;%?21), such that ¢, # @_z. This

then implies by Proposition [2.7} for this choice of z, that ¢, is not positive definite.

Furthermore, since 0 < Re(z) < 1/2, Re(z) # ig%c(ld; and Re(z) # ig%{gféi), this

ensures that 7, is topologically irreducible. Thus, by Theorem A, G is not Wiener.

2.4.2. Proof of Theorem B(ii). Throughout this section we assume some
rudimentary knowledge of the theory of reductive groups and their representation
theory. We use [31] as the main reference. To start, we set the following notation

which will be used throughout the proof:

e (G will denote a split reductive algebraic group over a non-archimedean
local field k with residue degree g;

e A is a maximal split torus in G, M the centraliser of A in G, N(A) the
normaliser of A in G, and W := N(A)/M the associated Weyl group;

e BB is the Bruhat-Tits building associated to G, A the fundamental apart-
ment in B associated to A, xg a special vertex in A, and K the maximal
compact open subgroup of elements in G which fix xg;

e P is a minimal parabolic subgroup in G such that G = KP and N the
unipotent radical of P so that P = M N.

To start the proof, first note that it is well known that (G, K) is a Gelfand pair.
See for example [31], Corollary 4.1].
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Now the group P is non-unimodular and we let Ap be the modular function on P.
To show that G is not a Wiener group, it suffices to show, by combining Theorem
A, Proposition [2.13| and Proposition that the smooth induced representation
0. := indG(A5?) is algebraically irreducible and not unitarizable for some z € C
with 0 < Re(z) < 1/2.

Let w, be the longest word of the Weyl group W and consider the function
(2.4.1) C— C,z— ey, (we - AD)ew, (A)

where the function ¢,, is as defined in [32] §3]. One checks by definition of the
function ¢, that the map z — ¢y, (W - A%)cw, (A%) is meromorphic and hence
can have at most countably many zeroes. It then follows from [32] Proposition
3.5(b)] that the representation o, is algebraically irreducible everywhere except at

countably many points.

Thus, to find a z € C with 0 < Re(z) < 1/2 such that o, is algebraically irreducible
and not unitarizable, it suffices to show that there are uncountably many z € C
with 0 < Re(z) < 1/2 such that o, is not unitarizable. To do this, it further suffices
to show that there are uncountably many z € C with 0 < Re(z) < 1/2 such that o,

. e "
is not Hermitian i.e. 0] % 0.

Note that oF, = ind%(A%)* = ind%G (A7) = o= So we need to show that there are
uncountably many z € C with 0 < Re(z) < 1/2 such that ind%(A%) 2 ind%(AR?).
Since the representation o, is spherical whenever it is irreducible, it follows from
Theorem 4.2(b) and Theorem 4.3 in [31] that the representations ind%(A%) and
indg(Al_f) are equivalent if and only if there exists w € W such that w-A% = A5?
(provided that o, = ind%(A%) is irreducible).

We claim that, if there exists w € W such that w - A% = A7, then z must be
either purely imaginary or purely real. This will then imply Theorem B(ii), since
it implies that there are uncountably many z € C with 0 < Re(z) < 1/2 such that
0, is not unitarizable and is algebraically irreducible. So to prove the claim, it is
well known that P = M N, and since G is split, the modular function on P is given

by the expression

Ap(mn) = g2#m=)

where p is the half sum of the positive roots associated to G and ¢ is the residue
characteristic of k (see Section 3.5 and Equation 24, in [31] for further information).
Then, if w- A% = AR?, this implies that 2z(w - p) = —2Zp, which in turn implies
that w-p = _7?/). So w - p must be a complex multiple of p, and in particular, this
implies that either w-p = p or w-p = —p. Thus, either we have ? =1 or we
have ’72 = —1, and in particular, z is either purely imaginary or purely real. This

completes the proof.
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CHAPTER 3

Weighted Orlicz *-algebras on locally elliptic
groups
Studia Mathematica, 287(2), (2026), 145-180.

Abstract

Let G be a locally elliptic group, (®, V) a complementary pair of Young functions,
and w : G — [1,0) a weight function on G such that the weighted Orlicz space
L?(G,w) is a Banach #-algebra when equipped with the convolution product and
involution f*(z) := f(z=1) (f € L*(G,w)). Such a weight always exists on G' and
we call it an L®-weight. We assume that 1/w e LY(G) so that L*(G,w) € LY(G).
This paper studies the spectral theory and primitive ideal structure of L (G, w). In
particular, we focus on studying the Hermitian, Wiener and #-regularity properties
on this algebra, along with some related questions on spectral synthesis. It is shown
that L®(G,w) is always quasi-Hermitian, weakly-Wiener and *-regular. Thus, if
L®(G,w) is Hermitian, then it is also Wiener. Although, in general, L® (G, w) is not
always Hermitian, it is known that Hermitianness of L (G) implies Hermitianness of
L?(G,w) if w is sub-additive. We give numerous examples of locally elliptic groups
G for which L'(G) is Hermitian and sub-additive L®-weights on these groups. In
the weighted L' case, even stronger Hermitianness results are formulated.

3.1. Introduction

It is a classical question in harmonic analysis and Banach algebra theory to de-
termine for which locally compact groups G is the Banach *-algebra L!(G) Her-
mitan/symmetric, Wiener and/or #-regular (c.f. [88, I15]). Such a group G is
called Hermitian, Wiener or Boidol if, respectively, L!(G) is Hermitian, Wiener or

x-regular.

Classically, these problems were studied primarily in the context of connected lo-
cally compact groups and discrete groups. Every connected locally compact group
can be approximated by connected Lie groups, and as a consequence, it can be
shown that a connected locally compact group is Hermitian (resp. Wiener) if and
only if its approximating Lie groups are all Hermitian (resp. Wiener) [86l Section
4].

41
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In the case of connected Lie groups, it is well known that every connected nilpo-
tent Lie group is Hermitian, Wiener and Boidol, and for connected solvable Lie
groups of real dimension < 4, there is one exceptional group, the “Poguntke group”
[I15] §12.6.27], which does not satisfy these properties. On the other hand, non-
compact connected semisimple Lie groups are never Hermitian, Wiener or Boidol
[115] Chapter 12].

For discrete groups, it is a standard fact that these groups are “weakly-Wiener”, and
as a consequence, Hermitianness implies the Wiener property for discrete groups.
It is shown in [86, Section 4] that a solvable finitely-generated discrete group is

Hermitian if and only if it has polynomial growth.

More general results of this form are also known: for example, nilpotent groups are
always Hermitian and Wiener [95], Boidol groups are always amenable [13], and it
was recently proved that quasi-Hermitian groups, and hence Hermitian groups, are
amenable too [131].

The Hermitian, Wiener and #-regularity properties can be formulated more gen-
erally for any Banach =-algebra (see [115]). A more general class of Banach
x-algebras where these properties have been frequently studied are for weighted
L'-algebras, and more recently, weighted LP-algebras, on locally compact groups
[123, 124, 50, [45], [79, 80, 81, [82]. In particular, if G is a locally compact
group, by a weight on G, we mean a measurable function w : G — [1,0) that is
bounded on compact sets, sub-multiplicative and symmetric (see Definition
for more details). When G is unimodular, these conditions on w guarantee that
the weighted space L'(G,w) is a Banach #-algebra with the convolution product
and the involution coming from L!(G). For p € (1,00) and ¢ := 1%, if w further
satisfies the property that w7 * w™? < w™9, then the space LP(G,w) is a Banach
#-algebra under convolution and the same involution as in the L! case. Such a

weight is known to exist for any o-compact group and p € (1,00) [80, Theorem 1.1].

Weighted algebras of these forms have been studied for many years, and in the
case of abelian groups, they are well understood and have many connections with
classical Fourier analysis and Banach algebra theory. See for example [43] and the
references there in.

A celebrated result in the direction of weighted LP-algebras is that if G is a
compactly generated group of polynomial growth, and w a weight on G satisfy-
ing some technical growth conditions, then L'(G,w) is Hermitian, Wiener and #-
regular [50, [45]. Similar results have also been obtained for weighted LP-algebras
(p € (1,00)) on compactly generated groups of polynomial growth [82], however,
some difficulties in determining which of these algebras are Hermitian prevent the

results from being as general as in the L' case. This line of work relies critically



3.1. INTRODUCTION 43

on the proof by Losert that every compactly generated group of polynomial growth
is Hermitian, which is a consequence of his structure theory for such groups [92].
The work is also motivated by and refers to some older results of Hulanicki, Pyt-
lik and Dixmier on the spectral theory and functional calculus of these algebras
[41), 69, [70, 123}, [124].

Even more recently, these results about weighted LP-algebras on compactly gener-
ated groups of polynomial growth were generalised and extended in the setting of
(twisted) weighted Orlicz #-algebras [I10}, 111]. An Orlicz space is a generalisation
of an LP-space which was defined in the 1930’s by Orlicz [I09]. Both LP-spaces and
variable Lebesgue spaces provide standard examples of Orlicz spaces, and certain
Sobolev spaces can be found as subspaces of Orlicz spaces. Analysts have been
interested in various classes of Orlicz spaces over the years, due to, for example,
their applications in partial differential equations, calculus of variations and physics
[37, 102}, [64]. Thus, Orlicz spaces form a natural generalisation of LP-spaces to

study.

To be more explicit, one constructs Orlicz spaces as follows: given a measure space
(X, ) and a Young function ® : R — [0, 0], one can associate a certain Banach
space L®(X) of measurable complex valued functions on X, and it is this space
that we call an Orlicz space (see Section for the complete definition or [127]
for further theoretical details). The case when ®(z) = |z|P/p gives the classical
LP-spaces. Now, given a locally compact group G and a Young function ®, one
can study the space L*(G). Typically L*®(G) is not closed under convolution, even
when this is an LP-space, but if G is unimodular and w a suitable weight on G, the
weighted Orlicz space L®(G,w) may be a Banach #-algebra when equipped with
the convolution product and the involution f*(z):= f(z=1) (f € L*(G,w)). This

is what we will refer to as a weighted Orlicz #-algebra (or sometimes a weighted

L®-algebra) and we will call such a weight w an L®-weight.

In this paper we study the harmonic analysis of weighted Orlicz #-algebras on locally
elliptic groups. A locally compact group is locally elliptic if and only if it can be
written as a countable ascending union of compact open subgroups. In particular,
any non-compact locally elliptic group cannot be compactly generated, however,
these groups have polynomial growth. This work, in particular, tests the necessity
of the compactly generated assumption in the work on compactly generated groups
of polynomial growth described in the previous paragraphs. Furthermore, every
(not necessarily compactly generated) locally compact group of polynomial growth
is the extension of a locally elliptic group by a Lie group [93] Theorem 3.3], so
understanding weighted Orlicz =-algebras on general groups of polynomial growth

would naturally require one to understand what happens in the locally elliptic case.



44 3. WEIGHTED ORLICZ %-ALGEBRAS ON LOCALLY ELLIPTIC GROUPS

Locally elliptic groups also feature in many places throughout the theory of totally
disconnected locally compact (tdlc) groups and they thus form an interesting class
of groups to study the harmonic analysis of from the perspective of tdlc group
theory. For example, locally elliptic groups have strong connections with the theory
of contraction groups [6], 58, 59}, [60] and the theory of scale groups [6}, 66, 152].
These two classes of groups are actively studied in tdlc group theory and play an
important role. Also, any unipotent linear algebraic group over a non-archimedean
local field is locally elliptic, so there is potential, as a consequence of the results
in this paper, to construct an analogous theory of spectral synthesis and weighted
algebras on such groups as there is in the case of connected nilpotent Lie groups
[97, 198, 99, 94, [9].

The motivation and goals of the present paper are the following;:

(i) To show that many of the arguments and results for weighted Orlicz #-algebras
on compactly generated groups of polynomial growth hold equally well for
locally elliptic groups. In certain aspects, the theory in the locally elliptic
case is even cleaner than the compactly generated case.

(ii) Give new examples of weighted Orlicz #-algebras that have nice Banach al-
gebra properties, such as being (quasi-)Hermitian, (weakly-)Wiener and -
regular, and provide a range of examples of groups and weights that fit into
this theory.

(iii) Initiate further research into understanding the harmonic analysis of tdlc
groups and present the work in a way that is relatively accessible to researchers

in tdlc group theory.

As a consequence of the above motives, particular (iii), we choose to be more
elaborate in our exposition so that the paper is accessible to researchers who are
not experts in the theory of Banach algebras nor familiar with this line of research.
In particular, we note well that a number of the arguments in this paper are already
well known and written down in the literature, but we choose to include them here

for completeness and expository purposes.

After going through some preliminaries and introductory material on Banach -
algebras, Orlicz spaces and locally elliptic groups in Section [5.2] we study the
properties of weights on locally elliptic groups in Section which is critical to
our later results. In particular, in Proposition [3:25] we show that every weight
on a locally elliptic group satisfies the GRS condition, which is an important con-
dition used for obtaining Hermitianness of weighted L'-algebras in the context of
compactly generated groups of polynomial growth [49]. We also show that every
weight w on a locally elliptic group is dominated by a sub-additive weight wﬁ such
that 1/w§ e LY(G) n L*(G), see Proposition Since wtli is sub-additive and
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1/w§ e LY(G) n L®(@), it can be shown that L‘I’(G,wﬁ) is a Banach #-algebra for
any Young function ® [111, Theorem 4.5]. In particular, every weight on a lo-
cally elliptic group is dominated by a sub-additive L®-weight, for any given Young

function ®. This later property is used extensively throughout the article.

To construct the weight w% as in Proposition we need to write the locally
elliptic group G as an ascending union of compact open subgroups G = Ujil K;
such that the sequence of indices ([K;41 : K;]), is non-decreasing. Such a set of
compact open subgroups (K )y satisfying the property that the sequence of indices
([Kit1 : K;]), is non-decreasing will be called a standard decomposition of G.

It is obvious that any locally elliptic group has a standard decomposition.

The following result is a consequence of the above results on weights. We note that
the assumption in the following theorem that 1/w € LY(G) implies L®(G,w) <
LY(G) by the Hélder inequality for Orlicz spaces [127, Section 3.3]. Also, we use

v 4 to denote the spectral radius function on a Banach algebra A.

THEOREM 3.1. Let G be a locally elliptic group, (K;)ien a standard decomposition
of G, (®,¥) a complementary pair of Young functions and w an L®-weight on G
with 1/w € LY (G). Define wtl1 to be the weight constructed in Proposition with
respect to the compact open subgroups (K;),en. Then, for all f € L¢(G7w§) c

L*(G,w), vps G uw(f) = viie) ().

As already mentioned earlier, as a consequence of Losert’s work [92], if G is a com-
pactly generated group of polynomial growth, L!(G) is always Hermitian. Then, if
w is a weight on G, L!'(G,w) is Hermitian if and only if w satisfies the GRS con-
dition [49] Theorem 1.3]. In contrast, if we now let G be a locally elliptic group,
LY(@G) is not always Hermitian (see Section , however, it is quasi-Hermitian as
a consequence of [I31] Remark 4.10]. Part (i) of the following theorem is then a
consequence of Theorem but it can also been proved via the fact that every
weight on a locally elliptic group satisfies the GRS condition. Part (ii) follows from
[I11] Theorem 4.5]. The proof of Theorem is found in Section In the fol-
lowing, we use o 4(x) to denote the spectrum of an element x in a Banach algebra

A.

THEOREM 3.2. Let G be a locally elliptic group, (®,¥) a complementary pair of
Young functions and w an L®-weight on G with 1/w e LY(G). The following hold:

(i) The Banach %-algebra L*(G,w) is quasi-Hermitian i.e. for every self-adjoint
function f € Ce(G) € L*(G,w), ope(cuw)(f) S R;

(it) If G is Hermitian and w sub-additive, then for all f € L*(G,w), opeGw) (f) =
o (f). In particular, L®(G,w) is Hermitian.
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Although a locally elliptic group G is not always Hermitian, one can always con-
struct a weight w on G such that L' (G, w) is Hermitian (see Sectionand Section
. Also, we give a number of examples of Hermitian locally elliptic groups and
sub-additive L®-weights on these groups in Section

In Section we prove that every weighted Orlicz =-algebra on a locally elliptic
group is weakly-Wiener. The proof requires one to construct a functional calculus
for certain smooth periodic functions. This functional calculus is also constructed
in Section and makes use of our results about weights on locally elliptic groups.

THEOREM 3.3. Let G be a locally elliptic group, (P, %) a complementary pair of
Young funcitons and w an L®-weight on G such that 1/w € LY(G). The Banach
x-algebra L® (G, w) is weakly-Wiener. In particular, if L*(G,w) is Hermitian, then
it 1s Wiener.

Specialising the above theorem to the case of L'(G), we also see that every locally
elliptic group is weakly-Wiener. We note this was already known since [95], but we

list it here to be explicit.

Corollary 3.4. Ewvery locally elliptic group is weakly- Wiener. In particular, every

Hermitian locally elliptic group is Wiener.

Section [3.6]studies the representation theory, *-regularity property and C*-enveloping
algebras of a weighted Orlicz #-algebra on a locally elliptic group. The main re-
sult is the following theorem. In the statement of the theorem, the condition that
® € A, is defined in Definition and this assumption, for example, guarantees
that L®(G,w)* = LY(G,w™1), where ¥ is the complementary Young function to
.

THEOREM 3.5. Let G be a locally elliptic group, (®,¥) a complementary pair of
Young functions with ® € Ay, and w an L®-weight on G such that 1/w € LY(G).
The following hold:

(i) C*(L*(G,w)) = C*(G);
(ii) The algebra L®(G,w) is x-regular, in particular, Prim, (L®(G,w)), Primy (L' (Q))
and Prim(C*(Q)) are homeomorphic.

This result could be useful in the study of the unitary representation theory of
locally elliptic groups. Indeed, for example, it is currently an open question for
which locally elliptic groups G does the topology on Prim(C*(G)) satisfy the T3
separation axiom. Sometimes C*(G) is not the most convenient algebra to work
with: being a completion of L!(G), one cannot treat all elements of C*(G) as
functions on G. Thus, it is often convenient to work with L'(G) instead. In the

case of a locally elliptic group, as given by the above theorem, Primy (L*(G)) and
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Prim(C*(G)) are homeomorphic, so it is fine working with L!(G) instead of C*(G)
in the study of the unitary representation theory. However, unlike C*(G), L(G)
may not be Hermitian, which is a desirable property to have. But even if L1(G) is
not Hermitian, as is shown in the article, there always exist weights on G such that
LY(G,w) is Hermitian (and Primy(L'(G,w)) = Prim(C*(G))). So in the context
of non-Hermitian locally elliptic groups, working with a weighted L'-algebra may
be more natural algebra than working with C*(G) or L'(G) when studying the

unitary representation theory of these groups.

In Section we show that every hull of a weighted Orlicz *-algebra contains
a minimal ideal. This leads to interesting questions to pursue in the context of
spectral synthesis, which we discuss in Section In Section we also go
through a variety of examples of locally elliptic groups and weighted algebras on
these groups. Furthermore, we pose some open questions that could be investigated
in future work.

3.2. Preliminaries

3.2.1. Banach =x-algebras and representation theory. We begin the pre-
liminaries section by collecting some notation, definitions and results on Banach
algebras that will be used throughout the article. We assume the reader has some

familiarity with (Banach) =-algebras, as can be found in [42], [106], for example.
Notation 3.6. Let A be a Banach #-algebra and = € A.

(i) ||lz|| 4 denotes the norm of x in A.
(ii) o4(z) denotes the spectrum of z in A.

(iii) v4(x) denotes the spectral radius of x in A.

We now define some notation and terminology in regards to the representation

theory of Banach x-algebras.
Notation 3.7. Let A be a Banach *-algebra.

(i) A unitary representation of A is a pair (m, H), where H is a Hilbert space,
and 7 : A — B(H) is a non-degenerate #-homomorphism to the C*-algebra
B(H) of bounded operators on H.

(ii) A denotes the set of all topologically irreducible unitary representations of A
upto unitary equivalence equipped with the Fell topology.

(iii) Primy(A) denotes the space of kernels of topological irreducible unitary rep-
resentations of A equipped with the hull-kernel topology.

(iv) Prim(.A) denotes the space of annihilators of simple .A-modules equipped with
the hull-kernel topology.
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We will now remind the reader of the definition of the hull-kernel topology and Fell
topology: given an arbitrary subset X < A, define hull,(X) := {I € Prim4(A) :
X < I} (rvesp. hull(X) := {I € Prim(A) : X < I}). Then, the hull-kernel
topology on Prim, (A) (resp. Prim(.A)) is the topology generated by defining the
sets X € Primy(A) (resp. X < Prim(A)) satisfying hull,(ker(X)) = X (resp.
hull(ker(X)) = X) to be closed, where ker(X) = ();cx I. The Fell topology on A
is precisely the pullback of the hull-kernel topology on Prim, (A) via the canonical

surjection A —» Primy (A).

The notion of a C*-enveloping algebra is critical to understanding the #-regularity

property.

Definition 3.8. Let A be a Banach =-algebra.
(i) The maximal C*-norm on A is the norm defined on x € A by

Hx”max = Sup{”ﬂ'(aj)HB(Hﬂ) ITE .A}

(ii) The reducing ideal of A, denoted Ag, is the x-ideal in A consisting of all
elements z € A with ||z||, .. = 0.

(iii) The enveloping C*-algebra of A, denoted C*(A), is the completion of
A/ AR with respect to the maximal C*-norm.

The following proposition is fundamental to understanding the Hermitian property
for a Banach #-algebra. We recall that an element € A of a Banach #-algebra .4

is self-adjoint if x = x*.
Proposition 3.9. [87] Let A be a Banach %-algebra. The following are equivalent:

(i) For allz € A, oa(z*z) S Rxo;
(i) For all self-adjoint x € A, oca(x) € R;

(#1) Prim(A) € Primy(A) i.e. every simple A-module is unitarizable.

We now define the Hermitian, Wiener and =-regularity properties that this article

focuses on studying.
Definition 3.10. Let A be a Banach =-algebra.

(i) A is called Hermitian if one of the equivalent conditions of Proposition
hold.
(ii) A is called Wiener if for every proper closed two-sided ideal I < A, there
exists J € Prim, (A) such that 1 < J.
(iii) A is called weakly- Wiener if for every proper closed two-sided ideal I < A,
there exists J € Prim(.A) such that I < J.
(iv) A is called #-regular if Prim,(A) and Prim(C*(A)) = Prim,(C*(A)) are

homeomorphic.
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3.2.2. Orlicz spaces. In this subsection we will introduce basic concepts con-
cerning Orlicz spaces and Orlicz x-algebras, and give some results that will be used
throughout the article. We primarily follow the references [127), 110}, 111] and the
reader can consult these for further details on the topic.

Definition 3.11. A Young function is a function ® : R — [0, co] which satisfies
the following conditions:

One associates to the Young function ® its complementary Young function
defined by

U(y) := sup{z|y| — ®(z) : z > 0}.
It can be checked that W is also a Young function and the complementary Young
function to ¥ is ®. We call (®, ¥) a complementary pair of Young functions.
A complementary pair of Young functions (®, ¥) satisfies Young’s inequality:
xy < ®(x)+¥(y) Vz,yeR

The following notion of the Aj-condition for a Young function will be important

later. We will mention later some consequences of this condition.

Definition 3.12. Let ® be a Young function. We say that ® satisfies the Ag-

condition, or ® € A,, if there exists a constant C > 0 such that
®(2z) < CP(x)

for all z > 0.

We now define the Orlicz space associated to a Young function. For the remainder
of this subsection, unless otherwise stated, G will be a locally compact group and

all integration is performed against some prior fixed left-Haar measure on G.

Definition 3.13. Let (®,¥) be a complementary pair of Young functions. The
Orlicz space on G associated to @ is the space

L*(@G) := {f : G — C measurable : J;} O (alf|) dx < oo for some o > O}.

The space L?(G) is equipped with the Orlicz norm

1fll Lo (@) = sup { Llf(x)g(ﬂﬂ)\ dz L Y(lg()]) de < 1} (f e L*(G))
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with respect to which L?(G) becomes a Banach space. The Orlicz norm is equiva-

lent to the Luxemburg norm which is defined as
Ng(f) := inf{k >0: J (| f(2)|/k) dx < 1} (f e L*(@)).
G

We note that in the case that ®(z) = |z|’/p (p € (1,%0)), the complementary
Young function to ® is ¥ = |z|?/q where 1/p+ 1/q = 1, and these Young functions
satisfy the A, condition. Furthermore, in this case, L?(G) becomes the classical
LP-space denoted LP(G), and the Orlicz norm with respect to the Young function

® is equivalent to the usual LP-norm on LP(G).

The following provides some other examples of Young functions, some of which

arise in physics and probablilty theory.

Example 3.14. [102] The following are Young functions:

(i) = |z["/p (pe[1,0));
(i) () = el — Jo] - 1;
(iii) ®(z) = cosh(x) — 1;
O(z) = xlog(1l + x).

)
(iv)
We now move on to studying weights and weighted Orlicz spaces.

Definition 3.15. A weight w on a locally compact group G is a measurable

function w : G — [1,00) that satisfies the following properties:

(i) w is bounded on compact sets;
(il) w is sub-multiplicative i.e. w(zy) < w(x)w(y) for all z,y € G;

(ili) w is symmetric i.e. w(r) = w(z™!) for all x € G.
Two weights w and w’ on G are equivalent if there exists constants C and C’ such

that Cw(z) < W'(z) < C'w(x) for all z € G.

The notion of a sub-additive weight will be used throughout the article. A sub-
additive weight is also often referred to as a polynomial weight, which was defined
by Pytlik in [124].

Definition 3.16. Let w a weight on G. The weight w is called sub-additive if
there exists a constant C' > 0 such that for all z,y € G

w(ry) < Clw(z) +w(y)).

We now define the notion of a weighted Orlicz space.

Definition 3.17. Let ® be a Young function and w a weight on G. The weighted

Orlicz space on G corresponding to ® and w is the space

L*(G,w) := {f € L*(G) : || fwll po () < o0}
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which becomes a Banach space when equipped with the norm

||f||L<I>(G,w) = wa||L<I>(G) (f € L*(G,w)).

We note that if we have two equivalent weights w and w’ on G, then the corre-
sponding weighted Orlicz spaces L*(G,w) and L®(G,w’) are isomorphic as Ba-
nach spaces. Also, if ® € Ay, then one can show that the dual of L?(G,w) is
L?(G,w)* = LY(G,w™1), where ¥ is the complementary Young function to ®. In
particular, if ¥ is also Ay, then L®(G,w) is a reflexive Banach space.

The following elementary fact will be used throughout the article.

Proposition 3.18. Let G be a locally compact group, (P, V) a complementary pair
of Young functions, and w a weight on G. If 1/w € LY(G) then L®(G,w) < L'(G).

PRrROOF. The proof follows directly from the Holder inequality for Orlicz spaces
[127] Section 3.3]. O

The following result is critical to our article.

Proposition 3.19. [I11] Theorem 4.5] Let G be a unimodular locally compact
group, (®,V) a complementary pair of Young functions and w a weight on G. If
w is sub-additive and 1/w e LY(G), then L*(G,w) < L*(G) is a Banach *-algebra

when equipped with the convolution product and the involution f*(x) := f(x~1)
(f € L®(G,w)). Moreover, the following hold:

(i) There exists a constant C > 0 such that for all f,ge€ L?(G,w)

[ f = 9||L4>(G,w) < C(Hf”Ll(G) HQHL‘I’(G,w) + Hf||L<I>(G,w) ||9||L1(G));
(ii) If L*(G) is Hermitian, then L®(G,w) is Hermitian.

It can also be the case that L?(G,w) becomes a Banach #-algebra under convolution
even when w is not sub-additive. We make the following definition for ease of

terminology throughout this paper.

Definition 3.20. Let ® be a Young function and w a weight on a unimodular locally
compact group G. We call w an L®-weight if L* (G, w) is a Banach *-algebra when

equipped with the convolution product and the involution f*(xz) = f(z=1).

To finish the section on Orlicz spaces, we state some standard facts about Orlicz
algebras that will be used in the article. The proofs can be found in the papers
[110} 111].

Proposition 3.21. [110, 17 Let G be a unimodular locally compact group with
left Haar measure p, (®,¥) a complementary pair of Young functions and w a
L®-weight on G. The following hold:
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(i) Forx € G, let L, be the operator on L*(G,w) defined by L.(f)(y) := f(z™y)
for f € L*(G,w). Then, | La fllpe (6w < wW(@) [l po(gu) forall f € L?(G,w).
(i1) Let N be the set of compact neighbourhoods of the identity in G. Then,
(xr/IM(K))Ken, where xx denotes the characteristic function on the set K,
is an approzimate identity in L*(G,w). It is a bounded approrimate identity
in L'(G,w).
(iii) The space L*(G,w) is a L'(G,w)-module with respect to convolution. For
fe LY G,w) and g € L*(G,w), we have that

1f*9gllpecw) < Ifllr e 19 e 6w -

3.2.3. Locally elliptic locally compact groups. First we define the notion
of a locally elliptic group.

Definition 3.22. Let G be a locally compact group. The group G is called locally
elliptic if every compact subset of G generates a relatively compact subgroup.

Of course, if G is discrete, then locally elliptic is synonymous with the term locally

finite. One also checks easily that every locally elliptic group is unimodular.

The following result, which is a consequence of work of Platonov, gives an equivalent

characterisation of locally elliptic groups.

THEOREM 3.23. [117] Let G be a locally compact group. Then G is locally elliptic

if and only if it is a countable increasing union of compact open subgroups.

Throughout the remainder of the article, if we say that G = U:il K;is a
locally elliptic group, then we implicitly assume that G is locally com-
pact, the K; are compact open subgroups of G, and K; < K, for all i € N.
Furthermore, we assume that G is not compact to avoid any trivialities.

We give numerous examples of locally elliptic groups and their connection with the
theory in this paper in Section [3.8]

3.3. Weights on locally elliptic groups

In this section we will study some properties concerning weights on locally elliptic

groups that will be critical to our results later in the article.

In the context of weighted L'-algebras on compactly generated groups of polynomial
growth, the condition of a weight satisfying the GRS condition is an important part
of the theory. Indeed, a weighted L!-algebra L!(G,w) on a compactly generated
group of polynomial growth G is Hermitian if and only if w satisfies the GRS
condition [49] Theorem 1.3].
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Definition 3.24. Let G be a locally compact group and w a weight on G. The
weight w is said to satisfy the GRS condition, if for all z € G, lim,,_, o w(z™)V/™ =
1.

We will now show that every weight on a locally elliptic group satisfies the GRS

condition.

Proposition 3.25. Let G be a locally elliptic group and w a weight on G. Then w
satisfies the GRS condition.

PROOF. Let x € G. Since G is locally elliptic, the set {z" : n € N} is contained
in some compact open subgroup K < G. By definition, w is bounded on compact
sets, so C := sup{w(k) : k € K} is finite. Then, for all n € N, w(z™) < C. Thus we
have that

lim w(z™)Y" < lim CY" = 1.
n—o0 n—0o0

O

We now define a class of weights that exist on a locally elliptic group. These weights

will be important throughout the article.

Definition 3.26. Let G = [ J;~, K; be a locally elliptic group and a := (a;)%; <

R>; a sequence. Define a function w, on G by

0
Wa = Q1XK; T Z QX KN\K;_1
i=2

where xy denotes the characteristic function on the set U < G. If a is a non-
decreasing sequence, one checks easily that wa(zy) < max{wa(z),wa(y)} for all
x,y € G, from which it follows that w, is sub-additive weight on G.

‘We now show that any weight on a locally elliptic group G is dominated by a weight
of the form w,. Furthermore, we show that a can be chosen so that w, is an L®-
weight for any Young function ®. We use the following lemma in the proof of the

next proposition.

Lemma 3.27. [47] Korollar 3.8] Let G be a unimodular locally compact group and
w a locally-integrable sub-additive weight on G. If p € (1,00) and w=! € LY(Q)
where ¢ := E5, then LP(G,w) is a Banach *-algebra.

We note that there is a mistake in the statement of [47, Korollar 3.8] but we have
corrected it in our version. Also, in [47], weights are not assumed to be symmetric,
so the conclusion in [47], Korollar 3.8] is that LP(G,w) is a Banach algebra, not a

Banach =-algebra.
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Proposition 3.28. Let G = U;il K; be a locally elliptic group, p a left Haar
measure on G normalised so that (K1) =1, p € [1,00) and w a weight on G. Set
a; :=sup{w(z) : z € K;} for each i € N. Define two functions on G by
wh 1= a1xk, + Z AiXKN\K;—1
i=2
and
5) (a1 + Dxr, + 2 (ai +i ) (Ki\Kifl)l/qXKi\le
=2

where q = % ifp>1,and g =1 ifp = 1. Then, w! is a sub-additive weight
on G, w<wh < wf), and 1/wg € LY(G). Furthermore, if the sequence of indices

([Kit1: Ki])&, is non-decreasing, then wg is a sub-additive LP-weight on G.

PROOF. Since each of the K; are compact open subgroups of G and w is
bounded on compact sets by definition, it follows that a; := sup{w(x) : z € K;}
is finite for each i. Also, since K; < K41 for each i, the sequence (a;)2; € Ry
is non-decreasing, and hence w? is a sub-additive weight on G by the prior dis-
cussion. Similarly, if the sequence ([K;+1 : K;]);2, is non-decreasing, then the
sequence ((a; + i2)u(K;\K;_1)/9)%, (where we take K, to be the empty set) is
also non-decreasing, and hence wg is a sub-additive weight on G.

Since we assume that K; is a proper subgroup of K;,; for each i, it follows that
p(Kiv\Ki) = p(Kisv1) — p(K

= [Kit1 2 Ki]pu(K;) — p(K;)
> 2u(K;) — p(i;) = 1.

i)
i) —
It is then clear, by definition of w# and wﬂ that w < wf < wg.

We now just need to show that wg is an LP-weight. First, we show that 1/wg €
L%(G). To do this, one checks that

oe]
XK\Kl 1
1/wh +
[ = a1 +1 2 (ai + i) u(K\K;_1)Y4

i=

from which it follows that for any ¢ € [1, o)

Wi (2))4 T) = wh(2))9 T Y wh(2))9 T
L“/ (@)1 du(z) f (1 ()7 dp >+;j (1w ()7 dpu(z)

K K\K; 1

a0
a1+1 gal-i-z

o8]

N

a1+1
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Thus 1/w} € L9(G). It then follows by Lemma that wf is an LP-weight on G.
This completes the proof. [

We recall from the introduction that if G is locally elliptic group, a standard
decomposition of G is a set of compact open subgroups (K;);en of G such that
K; < K;;4 for each i, G = U?;l K; and the sequence of indices ([K;+1 : K;])72, is

non-decreasing. The following is then a direct corollary of the theorem.

Corollary 3.29. Let G be a locally elliptic group, (K;)en @ standard decomposition
of G, (®,%¥) a complementary pair of Young functions and w a weight on G. Then,
the weight wﬁ, as constructed in the proposition with respect to the compact open
subgroups (K;)ien, is an L®-weight.

PRroOF. Indeed, by Proposition 1/wt1i € LY(G)nL*¥(G) c LY(G). Tt then
follows from Proposition that L*(G, wﬁ) is a Banach #-algebra and hence w§
is an L®-weight. (]

We will now describe a method intrinsic to locally elliptic groups which allows one

to determine if a weight is (equivalent to) a sub-additive weight.

Definition 3.30. Let G be a locally elliptic group and (K;);ey a sequence of
compact open subgroups of G such that K; < K, for each i and G = U?C=1 K;.
Given a weight w on G, define the variation of w with respect to the (K;);en to
be the value

Var(w, (K;)ien) := sup(max w(x) — min w(y)).
ieN z€EK; yeK;

We say that w has bounded variation if there exists such a sequence of compact
open subgroups (K;);en in G such that Var(w, (K;)ien) < 0.

We then have the following result.

Proposition 3.31. Let G be a locally elliptic group and w a weight on G. If w has

bounded variation then it is equivalent to a sub-additive weight.

PROOF. Assume that G is locally elliptic and w a weight on G with bounded
variation. Let (K;);eny be a sequence of compact open subgroups of G such that
K; < K;1; for each i, G = Ufozl K;, and Var(w, (K;)ien) =: C < 0. Let w? be the
sub-additive weight constructed in Proposition [3.28 with respect to the compact

open subgroups (K;);en. Then one checks easily that for all x € G
w(z) < wﬁ(gc) < (C + Nw(x)

which, by definition, means that w is equivalent to the sub-additive weight wf. O
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In the following example, we show that a weight on a locally elliptic group need
not have bounded variation nor be sub-additive.

Example 3.32. For n € N, let ), denote the cyclic group of order n. Define the
group G := @7010:1 C,. Clearly G is a locally finite group and hence locally elliptic.
We define a weight w on G as follows: let z,, denote the canonical generator of the
copy of C, in G for each n € N. Then, given a general element x = z};'t - - - 2'* € G,

where 1 < m; < n; — 1 is an integer for each i, we define w on x by

OJ(JJ) — (nl)max{mhnlfml} . (nk)max{mk,nk—mk}.
One checks that w is a weight on G. The weight w is not sub-additive since, for
example,

w(ag,zin)  (2n)"(4n)*"

w(zh,) +w(@in) — (2n)" + (4n)2"

is unbounded as n — c0. This also implies that w cannot have bounded variation

by the previous proposition.

3.4. The Hermitian property

In this section we study the Hermitian and quasi-Hermitian properties for weighted
Orlicz x-algebras on locally elliptic groups. We first start by proving Theorem

from the introduction.

Proof of Theorem[3.1] The proof is similar to the proof of Lemma 3.7 and Lemma
3.8 in [82]. Indeed, since 1/w € LY(G) and hence L* (G, w) < L'(G), it follow by an
identical argument to that of [I10, Lemma 2.2] that there exists a constant C; > 0
such that

126y < CrllfllLeew)
for all f € L*(G,w). Then, given f € L?(G,w),

nyl/n n nnl/n
viae () = Tim £ g < lim GV " )/0 g0 = vio G (F).

Thus, we just need to show that vie (g .)(f) < vpi(g)(f) for all f e L'I’(G,wg). We
now fix f € L®(G,w!). By Proposition [3.19(i), since wﬁ is sub-additive, there exists
a constant Cy > 0 such that

1 * fll o gwiy < 2C2 1l Lo gwty 11l Licey

By induction,

n n 2" —1
172 ety < GO Il e gty 151 -
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Then, we have that, since w < wg,

n 27
f*2 ’
L®(G, w”)

VL@(G#U)(-}C) < VLq)(G,wg)(f) = lim

n—00

hm (202)"2 "

f”LI Gwl) Hf”Ll G)
= HfHLl(G)'
It then follows that

Vi (G () = M vie (g (P < Tim [P gy = vie (F)-

This completes the proof. ([

We now use Theorem [3.1] to prove Theorem [3.2] from the introduction. The proof
of Theorem relies heavily on [49] Lemma 3.1]. We state this lemma below for
ease of reference, though we have slightly rephrased the statement for our purposes.

Lemma 3.33. [49, Lemma 3.1] Let A < B be a nested pair of Banach *-algebras
that either both have a common identity element or both have no identity. Then

the following are equivalent:

(i) 0o 4(a) < dog(a) for all a € A;
(i1) doa(a) < 5( ) for alla e A;
(iii) va(a) = vp(a) for all a € A.

Furthermore, if B is Hermitian, then (i), (i1) and (iii) are equivalent to

(iv) oa(a) = op(a) for all a € A.

We now give the proof of Theorem

Proof of Theorem , First we prove (i). By [131, Remark 4.10], L}(G) is
quasi-Hermitian (i.e. op1g)(f) S R for every self-adjoint f € C.(G)) since ev-
ery compactly-generated subgroup of G is compact. Then, for a self-adjoint f €
C.(G) € L*(G,w), by Lemmaand Theorem we have that do e ., (f) S
or1(e)(f) € R. But this implies that o« (g ) (f) S R which completes the proof.
Part (i) is just a consequence of Proposition (I

Since every nilpotent group is Hermitian, it follows from Theorem [3.2] that every
weighted Orlicz #-algebra on a nilpotent locally elliptic group with respect to a sub-
additive weight is Hermitian. It should be noted, however, that not every locally

elliptic group is Hermitian. Indeed, there exists the following result.

THEOREM 3.34. [71] There exists a class 2 solvable locally finite group T' such that
¢1(T") is not Hermitian.



58 3. WEIGHTED ORLICZ %-ALGEBRAS ON LOCALLY ELLIPTIC GROUPS

We give the definition of two different non-Hermitian locally finite groups in Section
of this article, including the group from [71].

If T is the group in the theorem and A some non-discrete abelian locally elliptic
group (e.g. Qp), then A x I is a non-discrete class 2 solvable locally elliptic group,
and it is not Hermitian since I' is a non-Hermitian quotient of A x I'. In particular,

we have the following corollary.

Corollary 3.35. There exist (infinitely many) non-discrete class 2 solvable locally

elliptic groups which are not Hermitian.

Any group of the form A x I' has non-trivial torsion elements since I' is locally-
finite. Understanding what happens in the case of torsion-free solvable locally

elliptic groups would be an interesting pursuit. We pose this as an open question.

Question 3.36. Does there exist a torsion-free class 2 solvable locally elliptic group
which is not Hermitian?

Also, it would be interesting to have characterisations of Hermitianness for L (G, w)
which are independent of the Hermitian property of L!(G), when G is a locally
elliptic group. Although we cannot say anything in general at the moment, we note

the following result and an immediate corollary of it.

THEOREM 3.37. [124], Theorem 1] Let G be a locally compact group and w a sub-
additive weight on G. Suppose that there exists p € (0,00) such that w™t € LP(G).
Then LY(G,w) is Hermitian.

Corollary 3.38. Let G = U;il K; be a locally elliptic group and let u denote a left
Haar measure on G. Suppose that a := (a;)2, < Rsg is a non-decreasing sequence
such that there exists p € (0,00) with

p(K1) iM(Kv:\Ki—l) .

a? + a?
1 i=2 i

Then LY (G,wa) is Hermitian.
PrROOF. Indeed, since

XK = XK \K
—1 1 z i\fYi—1
w. - == + —_—
a

i=2 @
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and
[l fw DI du(a)
= J e wr e+ 3 | (@) du(z)
J Z K\K;_1
_ p(Ki\Ki—1)
= + Z i ,
the result follows directly from these calculations and Theorem [3.37] O

We now note some other assumptions that imply Hermitianness for weighted Orlicz
(or L') x-algebras on locally elliptic groups that do not require the weight to be
sub-additive. First, we give the following definition.

Definition 3.39. Let G be a locally elliptic group and w a weight on G. Suppose
that there exist compact open subgroups K; < G (i € Nu{0}) such that K; < K;41
for each i, G = | J;~, K;, and the weight

W'(n) = xlg%}il w(z) (neZ)

on Z satisfies the GRS condition. Then we say that w satisfies the uniform GRS
condition.

We now prove the following lemma. The proof is basically identical to [49], Theorem
3.4] with some small modifications.
Lemma 3.40. Let G be a locally elliptic group and w a weight on G that satisfies

the uniform GRS condition. Then, for all f € LY(G,w), or1(cw)(f) = or1e)(f)-

PRrROOF. Let G be a locally elliptic group and w a weight on G satisfying the
uniform GRS condition. Let K; < G (i € N u {0}) be compact open subgroups of
G such that K; < K, for each i, G = U?O:O K; and the weight on Z defined by

W'(n) = Irenlz(lljfl w(xz) (neZ)

has the GRS property. Then, for f € L'(G,w), one computes by induction that

1 sy < [ [ el o lotorzs ) dordos -,

:z Zzloj Zl\K

where we use the convention that K_; is the empty set.

f F(@1)] -« |f (@) (@122 - - - 20 )dwrds - - - da
Ln\Kln 1

ip—1
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Suppose that z; € K; \K;, 1 for j = 1,2,...,n. Let i} be the largest index of

1,...,%n. Then, since z; -- -z, € K;, ,

w(ry - xp) < max w(z) = w'(ig) < W (ip + - +ip).
EGKW

Then, let a; := SKi\Kifl |f(z)| dx for each i € NU {0} and a := (an)nenoqo}- Clearly
£l qy = llallg(z)- It then follows by the previous arguments that

o0
||f*nHL1(G,w) < Z Qjy = ainw(il + o+ Zn) = Ha*"”el(zw) .

1eeyin=1
Hence, one computes that

1/n

. n . nil/n
ViaGu () = T L F*7] g, < lim fla*) "

=Ulpn (Z,w") (CL)
=vog(a) = llallp gz = 1fllL e

where the third and fourth equalities follow from [49] Lemma 3.3]. Then
vinew (f) = m view) (fMMm < J (L5 gy = vene (f)

from which it follows that vp1(q.w)(f) = vii@)(f). The result then follows by
Lemma [3.33] ([l

We then have the following theorem.

THEOREM 3.41. Let G be a Hermitian locally elliptic group and (D, V) a comple-
mentary pair of Young functions. The following hold:

(i) If w is an L®-weight on G with 1/w € LY(G) and w has bounded variation,
then L*(G,w) is Hermitian;

(ii) If w is an arbitrary weight on G satisfying the uniform GRS condition, then
LY(G,w) is Hermitian.

PROOF. Part (i) follows directly from Proposition and Theorem Part
(i) is a direct consequence of Lemma O

3.5. Functional calculus and the Wiener property

In this section we prove Theorem The proof requires us to develop a certain
(smooth) functional calculus on a total part of a weighted Orlicz #-algebra on a
locally elliptic group. Our arguments model those used in Section 4 and Section 5
of [50].

Throughout this section, unless otherwise specified, we assume the hypotheses of
Theorem In particular, G will be a locally elliptic group, (®,¥) a pair of
complementary Young functions and w an L®-weight on G with 1/w e LY(G).
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Given f € L?(G,w), we define the function
ee]
. f*k

Since

k
1150
!

0
lu(hllze @ < 25 =7
k=1

it follows that u(f) € L*(G,w) for all f € L?(G,w).

— GHf”L(p(G*“’) _ 1

The following result of Pytlik is critical to our results.

Lemma 3.42. [124) Lemma 4| Let G be a locally compact group and w a sub-
additive weight on G. Suppose that there exists p € (0,00) such that w=! € LP(G).
Then, for any self-adjoint f € L*(G,w) n L*(G) and v > logs((2p + 2)/(p + 2)),

[l 3Gy = O™ ) a5 1 = .

We will now generalise this to the algebra L®(G,w) on a locally elliptic group. To
do this, we use the following result which is proved on page 142 of [82]. We include
the proof due to its simplicity.

Lemma 3.43. [82] pg. 142] For all f € L*(G,w) and n € N,

n—1

u(nf) =nu(f) + > u(kf) = u(f).

k=1
PRrOOF. Note that, as a formal expression, u(f) = e/ — 1. Then,
unf) =e™ =1 =" wel —1 = (u((n=1)f) + 1) % (u(f) + 1) — 1
=u((n—1)f) *u(f) +u((n—1)f) + u(f).

A simple induction argument then gives the result. O

As a consequence, the following result holds.

Lemma 3.44. Let G be a locally elliptic group, (®,V) a complementary pair of
Young functions and w an L®-weight on G. Let (K;)en be a standard decomposition
of G and w? the weight as defined in Proposition with respect to the compact
open subgroups (K;)ien. Then, for any self-adjoint f € L®(G,w) n LY(G, w%) N
L?*(G), and v > logy(4/3),

[u(inf)| Lo (gw = O™ as n — .

PROOF. Throughout the proof, we fix a self-adjoint f € L?(G,w)n LY(G, w?) N
L?*(G) and v > log,(4/3). Since the weight (,utl1 is a sub-additive weight on G and
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1 /wf e LY(@G), it follows by Lemma that there exists a constant C' > 0, such
that for large n,

(il 1w < Ce’.

Then, by applying Lemma and Proposition iii), we have that
n—1

luCin ) g () < MGy + 25 1R L @) 114G o6 )
k=1

n—1
< i)l ey + 2 I0GRD gty 106G oy -
k=1
It follows that there exist constants C’ and C” such that

n—1

lutind)llpo ) < €+ 3 k)l o)
k=1

<t (n=1) Juliln = DDl s g o)

" 24 " _2n"Y
< C'ne™ < C"e™

for n large. This is precisely what we needed to show. (Il

We are now able to construct our functional calculus. To do this, we define the

following algebra of functions.

2[n|”

Definition 3.45. Given 0 < v < 1, define a weight on Z by wy(n) := e
(n € Z). Let A, denote the algebra of 2m-periodic C®-functions ¢ : R — R
with Fourier coefficients in ¢!(Z,w.,) under pointwise multiplication. In particular,
the algebra A, consists of functions of the form ¢(z) = Ynez #(n)e™ such that
3 epl@(n)]|e2™” < oo. Then, we let A, be the subalgebra of A, consisting of those
functions ¢ € A, with ©(0) = 0.

Before constructing our functional calculus, we will state the following fact about
the algebra A,. This is a consequence of Lemma 1.24 and Theorem 2.11 in [43].

Proposition 3.46. [43] For 0 < v < 1, the algebra A, contains functions of
arbitrarily small support. Furthermore, for every e > 0 and every interval [p,q] €
(0,2m) with p + € < q — €, there exists a function ¢ € A, satisfying the following

properties:

(1) 0<p<1;
(i) supp() N [0,27] < [p, q];
(1) p(z) =1 forallz e [p+e,q—¢€.

We now prove the following proposition which gives the required functional calculus.
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Proposition 3.47. Let G be a locally elliptic group, (®,¥) a complementary pair
of Young functions and w an L®-weight on G. Fiz a v with logy(4/3) < v < 1.
Then, for any ¢ € A, and self-adjoint f € L?(G,w) n L'(G, W) A LA(@G),

p{f} =Y. @(n)u(inf)

nez

has finite L®(G,w)-norm and hence converges to an element of L (G,w).

PRroOF. Indeed, by Lemma and the definition of A, we have that

ot Loy < D@ ulinf)ll Lo w)

nez

<C ) [pmn)le?" < o

neZ

for some fixed constant C' > 0. The result follows immediately. (]

In particular, by the proposition, the algebra A, acts on compactly supported
continuous self-adjoint functions in L®(G,w).

Since A, is an algebra under pointwise multiplication, one can check, as done in [50),
Section 4.7], that for ¢, ¢ € A, and a self-adjoint f € L (G, w) n LY(G,wh) A L3(G),

(o O} = ol f} =i f}

and for any s-representation m of L®(G,w),

m(p{f}) = o(m(f)),

where ¢(7(f)) denotes the usual functional calculus of the bounded operator = (f).

Now, we are going to work towards the proof of Theorem First, we note
that if G is locally elliptic and w a weight on G, then, given a fixed compact
neighbourhood K of the identity in G, there exists a bounded left approximate
identity (f;)jes € L'(G,w) such that f; = f¥ and supp(f;) < K for each j € J.
Such an approximate identity exists by [80, Theorem 4.1].

We now prove the following result. The proof uses arguments given in [50, Section
5].

Lemma 3.48. Let G be a locally elliptic group, w a weight on G and K < G a
compact neighbourhood of the identity. Let (fj)jes S L*(G,w) be a bounded left
approzimate identity such that each f; is self-adjoint and supp(f;) < K for all j.
Then, for any v with log,(4/3) < v < 1, there exists a function ¢ € A, such that,
for all g€ Ce(G), lo{fi} =9 —9llyqw — 0
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PROOF. Fix v with log,(4/3) < v < 1. By the arguments of [560] Section 5], it
suffices to show that we can choose ¢ € A, with ¢(1) = 1, so that for any ¢ > 0,
there exists N e N such that

Z |o(n)] Hemfj * g||L1(G,w) <&
|n|>N

Now, let (K;);en be a standard decomposition of G and wtl1 the weight as defined in
Proposition with respect to the compact open subgroups (K;);en. By Propo-
sition i), there exists a constant C' > 0 such that
i, i,
et *gHLl(G,w) < et *gHLl(G,wﬁ)
< HgllLl(GME‘) + ||u(znf]) * gHLl(G,wg)

< HQHLl(G’wg‘) + C(H“(infj)HLl(G’wg) ||9||L1(G) + HQHLl(G,wﬁ) ||“(mfj)||L1(G))

N

HQHLl(G’wg) + C(HQ”LI(G) + ||9||L1(G,w§)) ||u(mfj)”L1(G’w§) .

Since ||u(infj)||L1(G’w§) = 0(e"") as n — o by Lemma , and all other expres-
sions in the last line are constants in the variable n, it follows that

Heinfj * gHLl(G,w) =0(e") as n — o0,

Then, by Proposition [3.46, we can choose a ¢ € A, such that

(i) ¢ =0 in a neighbourhood of 0;

(i) (1) =1;
(iii) supp(y) N [0,27] is compact.

For this ¢ we have that, for some constant C' > 0,

Dleml e« gll 4 gy < C Dl < co.
nez nez
Thus, for any € > 0, we can find N € N such that:
Z |@(n)] [|e™T gHLl(G,w) < ¢
|n|>N

This ¢ then satisfies the lemma. O

A similar result can be proved for general weighted Orlicz *-algebras.

Lemma 3.49. Let G be a locally elliptic group, (®,¥) a complementary pair of
Young functions, w an L®-weight on G and K < G a compact neighbourhood of
the identity. Let (fj)jes S L'(G,w) be a bounded left approzimate identity such
that each f; is self-adjoint and supp(f;) < K for all j. Then, for any v with
log,(4/3) < v < 1, there exists a function ¢ € A, such that, for all f,ge C.(G),

le{fit = fxg—fxgllpegu =0



3.6. THE %*-REGULAR PROPERTY AND REPRESENTATIONS OF LOCALLY ELLIPTIC GROUBS

PrOOF. Fix a v with log,(4/3) < v < 1. By Lemma we can find a
function ¢ € A, such that ||p{f;}*g— g||L1(G v — 0 forallge C.(G). Then, let
fyg € C.(G). Since

lo{fit = freg— [ 9||L¢>(G,w) < lle{fi}=f— fHLl(G,w) ||9||L<I>(G,w)
by Proposition i), and since
le{fi} = f — f”Ll(G,w) -0,
it follows that
||§0{fj}*f*g_f*9||m>(c’w) — 0. O

We now prove Theorem The argument already exists in literature (see |86
Section 3, (10)] and [82] Theorem 6.3]), but we provide it here for completeness.

Proof of Theorem[3.3.

For the proof we fix log,(4/3) < v < 1. Let I < L®(G,w) be a proper non-trivial
closed two-sided ideal. Let (f;)jes S L'(G,w) and ¢ € A, be defined as in Lemma
.49

Now, we claim that @{f;} ¢ I for at least one j. Indeed, suppose the contrary.
Then, p{f;}* fxgelforall jeJand f,ge C.(G) since I is an ideal. By Lemma
and the fact that I is closed, it follows that f x g€ I for all f, g € C.(G). This
implies that I = L®(G, w) by density of C,(G). This contradicts the fact that I is
assumed to be a proper ideal.

Thus, we may now fix j € J such that ¢{f;} ¢ I. Let ¢» € A, be a function
which is identically 1 on the support of ¢, which exists by Proposition Then,
V{fit=plfs} = (W) {fi} = {f;}. In particular, the element {f;}*p{f;} = v{f;}
is a non-trivial element of the quotient L®(G,w)/I, and it follows that the image
of 1(f;) in the quotient L*(G,w)/I contains 1 in its spectrum. Thus, L*(G,w)/I
is not a radical Banach algebra, and hence there exists a non-trivial algebraically
irreducible representation of L?(G,w)/I [114, Theorem 2.3.3]. Lifting this repre-
sentation to a representation of L (G, w) then gives a non-trivial algebraically irre-

ducible representation of L (G, w) that annihilates I. This completes the proof. [

3.6. The #-regular property and representations of locally elliptic

groups

Let G be a locally elliptic group, (®, ¥) a complementary pair of Young functions
with ® € Ay, and w an L®-weight such that 1/w € LY(G). As mentioned in the
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introduction, since ® € Ay, the (vector space) dual of L®(G,w) is L?(G,w)* =
LY (G,w™") and it follows that every linear functional A € L* (G, w)* is of the form

() = L f(@)g(@) dr (f € I°(G,w))

for some g € LY(G,w™!). Then, one checks that the arguments in [82, Section 2.4]
work identically for the algebra L®(G,w), in particular, the map

T <f — L f(@)m(z) da:)

provides a bijection between unitary representations of G and unitary representa-
tions (i.e. non-degenerate s-representations) of L®(G,w). Furthermore, this map
preserves irreducibility and equivalence of representations. As a consequence of this,
the space L%Tw) can be identified with G. This also implies that C*(L® (G, w)) =
C*(G) since C.(G) < L®(G,w) < L'(G); this is precisely Theorem ﬁ(l)

In the following, given a unitary representation 7 of G’ and f an element of L® (G, w)
(resp. LY(Q)), we will use the convention that 7 also denotes the *-representation
of L?(G,w) (resp. L'(Q)) defined on f by

w(f) = L f(@)n(z) d.

Similarly, = will also be used to denote the corresponding unitary representation of
the group C*-algebra C*(G).

We now prove the following result. The statement and proof model that of [45]
Proposition 5.2].

Proposition 3.50. Let G be a locally elliptic group, (®,¥) a complementary pair
of Young functions with ® € Ay, and w an LT -weight on G with 1/w e LY(G). Let
C <G and fixpe G. The following are equivalent:

(i) Nreckercs(g)(m) < kercx(g)(p);

(i) Nreckerpiqy(m) S kerpyy(p);
(ZZZ) ﬁﬂeckerL¢(G7w) (7‘(’) < kequ>(G7w) (p),’
(i) 1ol s, < 5Pmecs 7P laae., for all f € ColG);
) 1o sy < 50mece I sy for all f € L(Gr);
(09) 10(F) sy < Prec (Pl for all £ € L1(G).

PROOF. Since 1/w € LY(G), we have that L?(G,w) < L*(G) < C*(G), and

this directly implies that (i) = (it) = (ii).

For every group of polynomial growth, and in particular, every locally elliptic
group G, L'(G) is =regular [13] Satz 2] i.e. Primy(L!(G)) is homeomorphic to
Prim, (C*(G)). Consequently, (i¢) implies ().
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Since C.(G) < L*(G,w) € L*(G), we clearly have that (vi) = (v) = (iv).
On the other hand, since C.(G) is dense in L'(G) and lo (@) < Iflli g for
all 0 € G and f € L'(G), it follows immediately that (iv) = (vi). Thus (iv), (v)
and (vi) are equivalent.

Clearly (vi) implies (i) and hence (i) by *regularity of L'(G).

Thus, to complete the proof, we just need to show that (iii) = (iv). We follow
a similar argument to that used in the proof of [45] Proposition 5.2]. Assume, for
a contradiction, that (iv) is false i.e. that there exists g € C.(G) such that

Sup (17 (9l .y < P(9)llan, )

e

We may assume that g is self-adjoint and ||g||L1(G) < 1. Let v be such that
log,(4/3) < v < 1. Recall from Section that the algebra A, acts by func-
tional calculus on the self-adjoint compactly supported continuous functions in
L?(G,w), and in particular, on the function g. Now choose ¢ € A, that is zero on

a neighbourhood of the interval
—sup |7 ,sup |7 1,1
[ 7T€C|| (Q)HB(H,) ﬂeCH (9 )||B(H )] [(-1,1]

and such that ¢(|[p(g)ll(3,)) = 1. Such a function exists by Proposition
Then, it follows that ¢ is zero on the spectrum of w(g) for every m € C, hence,
m(p{g}) = w(7(g)) = 0 for all m e C. Also, since Hp(g)||B(Hp) is in the spectrum of
p(g) and ©(p(9)llg,)) = 1. plelg}) = w(p(g)) # 0. Thus p{g} ¢ kerpe (g w)(p)
but ¢{g} € Nreckerpe (g ) (m). This contradicts (ii7) and hence the result follows.

(I

The proof of Theorem ii) is a direct consequence of the proposition and the

definition of the hull-kernel topology on each of the respective primitive ideal spaces.

In the following proposition, if A is a Banach #-algebra, then Max(A) will denote
the space of all maximal closed two-sided ideals of A equipped with the hull-kernel
topology.

Proposition 3.51. Let G be a locally elliptic group, (®,¥) a complementary pair
of Young functions with ® € Ay, and w an L®-weight on G with 1/w € LY(G).
Suppose that L®(G,w) is Hermitian. Then, the following are equivalent:

(i) Prim(C*(G)) = Prim, (C*(G)) is T1;
(ii) Primy(LY(G)) is Tt ;
(iii) Primy (L®(G,w)) is T} ;

(iv) Primy(L?(G,w)) € Max(L?(G,w));
(v) Primy(L?(G,w)) = Max(L?(G,w)).
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PROOF. The equivalence of (i), (i¢) and (iii) follows directly from Theorem
Clearly (v) implies (iv). Since L*(G,w) is Hermitian by assumption, it is
Wiener by Theorem which implies that Max(L?(G,w)) € Prim,(L®(G,w)).
Thus (iv) implies (v).

Finally, we need to prove the equivalence of (iii) and (iv). First, let’s suppose that
(i4i) is true and prove (iv). Suppose for a contradiction that there is an ideal J
in Prim,(L?(G,w)) which is not maximal amongst closed two-sided ideals. Then,
there exists a proper closed (two-sided) ideal J' < L*(G,w) properly containing
J. Since L*(G,w) is Hermitian and hence Wiener by Theorem hull, ({J'})
is non-empty and hence contains an ideal I in Prim,(L®(G,w)). In particular,
hull, ({J}) 2 {1, J}, from which it follows, by definition of the hull-kernel topology,
that .J is not a closed point of Primy(L®(G,w)). This contradicts the fact that
Prim, (L?(G,w)) is T1.

We now suppose that (iv) is true and prove (iii). We need to show that un-
der the assumption of (iv), every point in Prim,(L®(G,w)) is closed. Let J €
Prim, (L?(G,w)). Then, since J is maximal by the assumption of (iv), it follows
that hully (ker({J})) = {J}, which implies that J is a closed point in Prim, (L® (G, w))
by definition of the hull-kernel topology. O

It is an ongoing area of research to determine for which locally elliptic groups G
does the topology on Prim(C*(G)) satisfy the T} separation axiom. We note that if
G is either 2-step-nilpotent, or nilpotent and has a compact open normal subgroup,
then it is already known that Prim(C*(G)) is 71 [120), [26].

3.7. Minimal ideals of a given hull

Let G be a locally elliptic group, (®, ¥) a complementary pair of Young functions
with @ € Ay, and w an L®-weight such that 1/w € LY(G). Throughout this
section we fix v with log,(4/3) < v < 1 so that we have a functional calculus of
A, acting on compactly supported self-adjoint functions in L?(G,w). Now, given
C < Primy (L% (G, w)) closed, we define the following set, which we view as a subset
of L*(G,w):

m(C) = {plf}: [ = I* € Col@) ey
neighbourhood of [~ sup [|7(f)llg,). sup  [17(H)llpa,)1}

ker(mw)eC ker(m)eC

o <lpeA,p=00na

Let j(C) denote the closed two-sided ideal of L®(G,w) generated by the set m(C).
Then, a similar argument to Lemma 1 and Theorem 1 in [96] give the following
theorem. We repeat the proof for completeness and to clarify the small changes

that need to be made to the argument.
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THEOREM 3.52. Let G be a locally elliptic group, (®,V) a complementary pair of
Young functions with ® € Ay, and w an L®-weight such that 1/w € LY (G). Suppose
that L*® (G, w) is Hermitian. Then, for every closed set C' < Primy(L®(G,w)), the
closed two-sided ideal j(C) < L®(G,w) satisfies the following properties:

(1) hull, (§(C)) = C;
(ii) For every closed two-sided ideal I < L®(G,w) with hully(I) < C, 5(C) < I.

PROOF. (i) Let kerpe (g ) (m) € C and p{f} € m(C). Then, since w(p{f}) =
o(m(f)), and ¢ is zero on the spectrum of 7 (f), it follows that 7(p{f}) = 0. Thus,
m(C) S kerpe(g,u)(m) for all kerpe (g ) (m) € C, and it follows that hull, (m(C))
C, which implies that hull, (5(C)) < C.

—

Conversely, suppose that kerzes(g.)(p) ¢ C for some p € L?(G,w). Then, by
Proposition there exists f € Cc(G) self-adjoint with || f|| 1) <1 such that
sup (7 (F) sy < I00F) o -
ker(m)eC
Choose ¢ € A, such that ¢ is zero in a neighbourhood of the interval

[~ sup Hﬂ'(f)HB(HW)a sup HW(f)HB(H,,)]
ker(m)eC ker(m)eC

and ap(||p(f)|\B(Hp)) = 1. It then follows that p(¢{f}) = ¢(p(f)) # 0 and hence
ker(p) does not contain m(C). Thus it follows that hull,(j(C)) = C.

(ii) Let I < L®(G,w) be a closed two-sided ideal with hully(I) € C. Let p{f} €
m(C). Choose non-trivial ¢ € A, which is identically 1 on the support of ¢, which
exists by Proposition Then, ¥{f} = o{f} = ©{f} since Y = p. Also, it is
clear that ¥{f} € m(C) and hull,({¢{f}}) 2 hull,(m(C)) = C. Then [96, Lemma
2] gives the result. O

3.8. Examples and open questions

3.8.1. Locally elliptic groups with the bounded index property. We
start with the following definition of a locally elliptic group having the bounded
index property.

Definition 3.53. Let G be a locally elliptic group. The group G has the bounded
index property if there exist compact open subgroups K; < G for each ¢ € N such
that K; < K, for each i, G = Ufozl K; and sup,,.n[Kn+1 : K] < 0.

We will give a number of examples of locally elliptic groups with the bounded
index property throughout this section. First, we would like to prove the following
result, which gives a canonical way of constructing LP-weights, or more generally,

L®-weights on these groups for some Young function &.
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Proposition 3.54. Let G = U?il K; be a locally elliptic group and suppose that
M := sup,en[Knt1 @ Kn] < 0. Given f € (1(N) and q € [1,0), define the sub-
additive weight

i M 1/q
Wfq = XK; T () XK1\ Ky
=\ f(n) i

Then, 1/w;s, € LY(G). In particular, we have the following:

(i) If ¢ = 1, then wy 1 is an L®-weight on G for any Young function ®;
(1) If g > 1 and p € (1,0) such that 1/p + 1/q = 1, then wy , is an LP-weight.

Proor. The inverse of wy , is given by

1/U-1f,q = XK, + 7;1 (-];\(471)

1/q
) XKpii\Kn-

We now show that 1/w¢, € LY(G). Let p be the Haar measure on G. We may
assume that p has been normalised so that pu(K;) = 1. Then,

p(H\K1) = [Kg : Kq]pu(Ky) — p(K1) < Mp(Ky) = M,
and by induction, for n > 2,
M(Kn-Fl\Kn) = [K’rH-l : Kn],u(Kn) - ,U(Kn) < M,LL(Kn) < M™.
One then computes

L 1/t (z) do = L{l 1/t (z) da + ni L{ 1/t (z) do

n+1\Kn
[e¢]
<1+ Z f(n) < oo.
n=1

Thus, 1/wy,q € LY(G). If ¢ > 1, it follows by Lemma [3.27 that wy,q is an LP-weight
on G since it is sub-additive, which is (¢4). On the other hand, if ¢ = 1 and (@, ¥)
a complementary pair of Young functions, then 1/w;; € L'(G) n L*(G) < LY(G),
and since wy ; is sub-additive, it follows by Proposition that L?(G,wy,) is a
Banach #-algebra. Thus wy; is an L®-weight for any Young function ®. This is
(7). O

3.8.2. Contraction groups. We begin with the definition of a contraction
group.

Definition 3.55. Let G be a locally compact group and « a bi-continuous auto-
morphism of G. The pair (G, a) is called a contraction group if for all z € G,

a™(z) - idg as n — o0.

We will now give some examples of contraction groups.
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Example 3.56. (i) The additive group (Q,,+) with automorphism multiplica-
tion by p. This example can be extended to any local field.
(ii) Let F' be a finite group. The group (BD;_, F) x ([[z_, ') equipped with the
“right-shift” automorphism is a torsion contraction group.
(iii) The group U,,(Q,) of n-dimensional unipotent matrices over Q, equipped with
the automorphism which is conjugation by the diagonal matrix

diag(l,p,pz, . ,p"_l).

The field @, can also be replaced with any local field in this example, provided
you change the automorphism appropriately.

Contraction groups have a fundamental importance in the structure theory of to-
tally disconnected locally compact groups [6] and their structure theory has been
studied extensively in the papers [58], 59, [60]. The following structure theorem
about contraction groups is key to their study.

THEOREM 3.57. [58), [59] Let (G,«) be a contraction group. Then, there exists
distinct primes pi,...,p, and unipotent linear algebraic groups G, ,...,Gp, over

Qp,s .-, Qp, respectively such that
G =Gy x Gy, x -+ xGp, xtor(G)

where Gy denotes the connected component of the identity in G and tor(G) the
subgroup of torsion elements. Furthermore, Gy is a connected simply-connected

nilpotent real Lie group.

If we further assume that the contraction group G is totally disconnected, then
we may choose U < (G a compact open subgroup, and it follows from a be-
ing contractive that G = |J;_, a~"(U). Thus, G is locally elliptic since a™(U)
is compact for each n, and G has the bounded index property since the indices

[a=""Y(U) : a=™(U)] are constant with n varying. We state this below.

Proposition 3.58. FEvery totally disconnected locally compact contraction group is

locally elliptic and has the bounded index property.

By Theorem [3.57} every torsion-free contraction group is nilpotent and hence it is
Hermitian by [95]. However, in contrast, torsion contraction groups need not be

nilpotent or even solvable. For example, if F' is a non-solvable finite group, then

G:= (@F> x (HF)

Z<o Zgo

is a non-solvable torsion contraction group when equipped with the right-shift auto-

the group

morphism as its contractive automorphism. This group, however, is also Hermitian

since it is an [F'C]~-group [91], Theorem 2.6]. But torsion contraction groups need
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not be [FC] ™ -groups either, with the Heisenberg group over F,((t)) providing an

example of a torsion contraction group that is not an [F'C'|~-group.

‘We thus pose the following question, which is an interesting question in the context

of the harmonic analysis of totally disconnected locally compact groups.

Question 3.59. Is every totally disconnected locally compact contraction group

Hermitian and hence Wiener?

Furthermore, it is a non-trivial question as to whether the direct product of two
Hermitian groups is Hermitian (c.f. [I4]). Thus, we also pose the following question
which one would need to understand to answer Question [3.59}

Question 3.60. If (G, a) is a contraction group and tor(G) is Hermitian/Wiener,
is G also Hermitian/Wiener?

The author is pursuing a solution to these questions on contraction groups in on-
going work, and this work ties in with recent research on the representation theory
of contraction groups [27), [22].

3.8.3. Unipotent linear algebraic group over non-archimedean local
fields. Let k be a non-archimedean local field and define U, (k) to be the group
of all upper-triangular n-dimensional unipotent matrices over k. Given x € k
with absolute value < 1, one checks that conjugation by the diagonal matrix

diag(1,z,22%,..., 2" 1)

is a contractive automorphism of U, (k). Thus, it follows
that U, (k) is a locally elliptic group with the bounded index property by the dis-
cussion in the previous section, and since these properties pass to closed subgroups,

we get the following result.

Proposition 3.61. Let N be a group of n-dimensional unipotent matrices over a

non-archimedean field. The group N is locally-elliptic and has the bounded index
property.

Now let’s assume that N is a group of n-dimensional unipotent matrices over a
p-adic field for some prime p. Let n denote the Lie algebra of N and n* the vector
space dual of n. The group N acts on n* by the so called codajoint action

(Ad*(g)N)(X) := AM(Ad(g™)X) (ge N, X en, Aen*)
where Ad denotes the usual adjoint action of N on n.

The following result is well known.

THEOREM 3.62. [105, 19] Let N be a group of n-dimensional unipotent matrices
over a p-adic field. Then the following hold:
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(i) N is CCR;
(i) The spaces N, Prim(C*(N)) and n*/Ad*(N) are homeomorphic.

In particular, we have the following corollary by the results in this article.

Corollary 3.63. Let N be a group of n-dimensional unipotent matrices over a
p-adic field. Let (®,V) be a complementary pair of Young functions with ® € Aqy
and w an L®-weight on N with 1/w € LY(N). Then, there exists a homeomorphism

7 : Primy (L* (N, w)) — n*/Ad*(N).

Maintaining the notation as in the corollary, let’s suppose that L®(N,w) is Her-
mitian (which is the case if w is sub-additive, for example) and suppose that I is a
closed ideal of L®(N,w) with hully(I) := C < Prim,(L®(N,w)). Let j(C) be the
ideal of L?(N,w) as defined in Theorem Then, the ideal I must sit between
ker(C) and j(C) i.e. j(C) € I € ker(C). In particular, understanding the closed
ideals of L®(G,w) with hull equal to C' would require one to understand the ideal
theory of the algebra ker(C)/j(C).

The set C < Prim,(L®(N,w)) is called a set of synthesis if ker(C)/j(C) is
trivial, or equivalently, ker(C) is the only closed ideal of L*(N,w) with hull C. The
property of L®(N,w) being Wiener is equivalent to the empty set being a set of
synthesis, so under our assumption that L®(N,w) is Hermitian, it follows that the
empty set is a set of synthesis by Theorem Also, by the previous corollary, we
may identify C' with a subset of n*/Ad*(IN). We thus pose the following problem.

Question 3.64. Let N be a group of n-dimensional unipotent matrices over a
p-adic field. Let (®,¥) be a complementary pair of Young functions and w an
L®-weight on N with 1/w e L¥(N) and L*®(N,w) Hermitian. Given

C € n*/Ad*(N) = Prim, (L®(N,w)),

can geometric properties of C', when viewed as a subset of n*/Ad*(N), be linked
to algebraic properties of the algebra ker(C)/j(C)? In particular, what geometric
properties of C imply that it is a set of synthesis?

We will now note some results that are known in the case of connected nilpotent
Lie groups, in which this question is motivated by. We now suppose that Ny is a
connected nilpotent (real) Lie group. The entire discussion of this section regarding
Orlicz x-algebras on unipotent p-adic groups goes through when the (unipotent p-
adic) group is replaced with the connected nilpotent Lie group Ny and w a sub-
exponential weight on Ny [I11]. In particular, L'(Ny) contains a minimal ideal
§(C) for each hull C' < Prim, (L*(Np)).

It is known that for every one-point set {J} S Primy (L!(Ny)), the algebra ker({J})/j({J}) =
J/j({J}) is nilpotent [97]. Furthermore, if Ny is 2-step-nilpotent, then all singleton
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sets are sets of synthesis, but this does not hold if Ny is 3-step-nilpotent [98]. In
particular, in some sense, if Ny is 2-step-nilpotent, then closed ideals of L'(Np)
whose hulls are singleton sets are classified. More generally, if Ny is not 2-step-
nilpotent, then the set {J} is a set of synthesis provided that {J} < Prim,(L'(No))
corresponds to a “flat orbit” in n§/Ad*(Np). This was more recently generalised

to weighted L!-algebras on connected nilpotent Lie groups in [94].

It would be good to try and replicate these results for weighted Orlicz *-algebras on
unipotent p-adic groups, or more generally, torsion-free contraction groups. Even
treating the case of the full group algebra L'(N) for a unipotent p-adic group N
would be novel.

3.8.4. Non-Hermitian locally finite groups. Here we will write down the
definitions of two non-Hermitian locally finite groups found in the papers by Fountain-
Ramsey-Williamson [53] and Hulanicki [71]. Expanding on these two examples, it
would be an interesting question for future research to characterise the Hermitian

locally finite groups.

3.8.4.1. The Fountain-Ramsay- Williamson group. The Fountain-Ramsay-Williamson
group is the locally finite discrete group G with generators {z,, : n € N} subject to

the following relations:

(i) 22 =idg for all n € N;

(il) T ZmTnTm = TmTpTy,ay for all im <neN.

It is a consequence of [53] Section 5 & 6] that the group G is locally finite and not

Hermitian.

3.8.4.2. The Leptin-Hulanicki group. Let H be the direct sum of countably
infinite many copies of the cyclic group of order 2. Define the group N := @, H.
Of course, H acts on N by permuting indices in the direct sum, so we can form the
semi-direct product G := N x H. The group G we refer to as the Leptin-Hulanicki
group. The group G is defined in [71] Section 3], but Hulanicki attributes the
example to Leptin, hence we term this group as the Leptin-Hulanicki group. This

group is class 2 solvable and it is shown in [71] that the group G is not Hermitian.

3.8.5. Horocyclic groups of automorphism of trees and scale groups.
Let d € Nas and let Ty = (VT,, ETy) denote the regular tree of degree d, that is,
the infinite tree with the property that every vertex has degree d. We denote the
boundary of Ty by 0Tg. For v € T, define two groups by G, := {x € Aut(Ty) :
xz(y) =~} and By :={r € G, : Jv e VT, x(v) = v}.

Proposition 3.65. The group B., is locally elliptic and G, = B, x Z.



3.8. EXAMPLES AND OPEN QUESTIONS 75

PROOF. This is a standard result. See, for example, [51l, 152]. O

A closed vertex transitive subgroup G' < G, is called a scale group. Scale groups
are studied in [6, [66], 152] and it is shown they have important connections with
the structure theory of totally disconnected locally compact groups. For example,
every non-uniscalar totally disconnected locally compact group has a subquotient
isomorphic to a scale group. Also, these groups are simultaneously analogues of

parabolic subgroups and ax + b groups in the theory of tdlc groups.

Every scale group is of the form G = N xZ with N locally elliptic, so understanding
the harmonic analysis of locally elliptic groups is critical to understanding the

harmonic analysis of scale groups.
The following is an open question in the harmonic analysis of tdlc groups.
Question 3.66. Let G = N x Z be a scale group. Under what assumptions is G

Hermitian?

As far as the author is aware, it is even an open question as to whether Q, x Z is
Hermitian (c.f. [LI13] Section 3.6]).
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CHAPTER 4

The type I dichotomy for two-step nilpotent
groups
with Pierre-Emmanuel Caprace, arXiv:2509.26212.

Abstract

We address the type I dichotomy for two-step nilpotent locally compact groups.
Invoking work of Baggett—Kleppner, we characterize the closed points of the uni-
tary dual of such a group G purely in terms of the group structure. An algebraic
criterion characterizing when G is a type I group is derived. We show that this
criterion automatically holds if G is a central extension of vector groups over a
non-discrete locally compact field k& such that the commutator map is k-bilinear.
As an application, we show that the unipotent radicals of minimal parabolics in
simple algebraic groups of k-rank one are type I groups. We also discuss the type I
dichotomy for p-torsion contraction groups, and exhibit, for each prime p, uncount-
ably many pairwise non-isomorphic such groups that are not type I. This answers
a recently posed question by the second author. Finally, we adapt a recent con-
struction of Chirvasitu to obtain numerous examples of two-step nilpotent torsion
locally compact groups that are not type I, but that embed as closed cocompact

normal subgroups in two-step nilpotent groups that are type I.

4.1. Introduction

A topological group G is called type I if every unitary representation of G gen-
erates a type I von Neumann algebra [42] §5]. The classical theory of unitary
representations of locally compact groups shows that there is a strong dichotomy
between type I groups and those which are not type I, that we shall henceforth
call the type I dichotomy: type I groups are precisely those groups all of whose
unitary representations decompose uniquely into a direct integral of irreducible uni-
tary representations [42] §8]. Kirillov suggested to use the terms tame vs. wild
instead of type I vs. non-type I, see [, §8.F.b, Comment (13)]. Also, a result of
Glimm, referred to as Glimm’s theorem (see [562] Theorem 7.6] or [57]), implies
that a second countable locally compact group G is type I if and only if its unitary
dual, @, endowed with Fell’s topology, is a T topological space. Another natural,

7
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and formally stronger condition, is that the unitary dual GbeaT, space. In that
case, the group G is called CCR (see [52] §7.2]).

It is thus an important problem to determine which locally compact groups satisfy
the type I property or the stronger CCR property. Classically, it was Lie groups and
algebraic groups over local fields where this problem received the most attention,
and for many of these groups, the solution to this problem is well understood
[76), 146, 147, 90, [8]. One notable exception, pointed out by Bekka—Echterhoff
[8, Remark 1(iv)], is the class of unipotent algebraic groups over local fields of

positive characteristic: it is currently unknown whether all these groups are of

type L

In this paper, we address the type I dichotomy for two-step nilpotent groups, i.e.
locally compact groups whose commutator subgroup is central (equivalently, they
are nilpotent of nilpotency class at most 2). Classical results due to J. Dixmier [40]
and A. Kirillov [76] ensure that every connected nilpotent Lie group is CCR, hence
of type I. On the other hand, Thoma’s theorem ensures that a discrete group is
of type I if and only if it is virtually abelian (in particular every discrete group of
type Iis CCR), see [141] or [7, Theorem 7.D.1]. In particular, there exist two-step
nilpotent groups that are not of type I, e.g. the Heisenberg group over Z.

Since the type I and CCR properties are characterized by a separation condition
on the unitary dual, it is a natural question to investigate the closed points in G.
We denote by [r] the class of an irreducible representation with respect to unitary

equivalence.

THEOREM 4.1 (See Theorem [4.15). Let G be a two-step nilpotent second countable
locally compact group G with center Z, and w an irreducible unitary representa-
tion of G with central character x (see [T, Definition 1.A.12]). Then the following

assertions are equivalent:

(i) [x] is a closed point in the unitary dual G;
(i) The homomorphism w,: G/Z — G/Z, defined by setting wy(9Z)(hZ) =
x([g,h]), has a closed image.

The proof relies on a reformulation of results due to Baggett—Kleppner [5] con-
cerning projective representations of abelian groups. We also rely on the so-called
Poguntke parametrization of the primitive dual of G, that will be recalled in The-
orem below. The following characterization of the type I property purely in
terms of the algebraic/topological structure of G follows readily.

Corollary 4.2 (See Corollary [4.17)). For a two-step nilpotent second countable

locally compact group G with center Z, the following conditions are equivalent:

(i) G is type I;
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(i1) G is CCR;
(iii) For each x € Z, the homomorphism wy: G/Z — G/Z has closed image.

The equivalence between (i) and (ii) follows directly from a general fact, due to
Poguntke, that the primitive dual of a two-step nilpotent locally compact group is
a Ty space (see Corollary below).

Several variants of the closedness condition in Theorem ii) will be established
for totally disconnected groups, see Proposition This yields the following
consequence for discrete countable groups that is of independent interest.

Corollary 4.3 (See Corollary 4.24). For a two-step nilpotent countable group G

with center Z, the following conditions are equivalent:

(i) G is type I;
(i) G is virtually abelian;

(i) For each character x € Z, the quotient G/ker(x) is center-by-finite.

The equivalence between (i) and (ii) is valid for all discrete groups by virtue of
Thoma’s theorem mentioned above. The equivalence between (i) and (iii) is a
purely algebraic statement that will be useful in Section

Corollary [I.2] allows us to recover, in a unified way, results on connected groups and
on p-adic analytic groups, see Corollary However, its main interest is that it
also covers p-torsion groups, where p is an arbitrary prime. This will be concretized

through the following statement.

THEOREM 4.4 (See Theorem [4.30). Let k be a non-discrete locally compact field,
and A, N be finite-dimensional k-vector spaces. Let G be a locally compact group
that is a central extension of A by N. If the map A x A — N induced by the

commutator map on G is k-bilinear, then G is type 1.

It is important to keep in mind that the commutator map A x A — N is automat-
ically bi-additive. Theorem [£.4] allows us to establish, in a uniform fashion, that
several natural classes of unipotent algebraic groups over local fields of arbitrary
characteristic are type I.

Corollary 4.5. Let k be a non-discrete locally compact field. The following locally

compact two-step nilpotent groups are all type 1:

(1) The 2n + 1-dimensional Heisenberg group over k, for alln > 1.

(2) Given a two-step nilpotent Lie algebra g over k with Lie bracket [-,-]q, the
unipotent group E(g) with underlying set g and multiplication defined by v.w =
v+ w4+ [v,w]g.
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(8) The unipotent radical of a minimal k-parabolic subgroup in an absolutely simple
algebraic k-group of k-rank one.

Remark 4.6.

(1) In view of Corollary the item (1) in Corollary [4.5| recovers and strengthens
[27, Theorem 5.15].

(2) The map g — E(g) in Corollary[4.5(2) is closely related to the so-called Lazard
correspondence. The group E(g) is abelian if char(k) = 2, but non-abelian
if char(k) # 2 and g is non-commutative.

(3) The groups in Corollary 3) include non-abelian groups in all characteristics.

Remark 4.7. As mentioned above, it is currently unknown whether all unipo-
tent algebraic groups over local fields of positive characteristic are type I, see [8]
Remark 1(iv)]. An alternative approach to this problem is provided by the work
of Echterhoff-Kliiver [46], developing the Kirillov orbit method for rather general
nilpotent groups, following pioneering work of R. Howe [68]. This approach has
the advantage that it applies to nilpotent groups of higher nilpotency class ¢, and
that it provides a description of the unitary dual for type I groups. However, there
are several important technical restrictions. One of them is that the group should
not contain p-torsion for any prime p < c¢; another one is a condition of regularity

that is rather restrictive in positive characteristiﬂ

The last part of this paper aims at providing additional explicit examples of two-
step nilpotent groups illustrating the type I dichotomy. We focus on groups that are
central extensions of the additive group A = I, ((t)) by itself, where p is an arbitrary
prime. We require that the commutation relations induce a map A x A — A that
sends pairs (¢%,t%) to monomials (see Definition |4.32). We establish criteria for
such groups to be type I (see Theorem and non-type I (see Theorem [4.35)).
As an application, we obtain the following result concerning the family of two-step
nilpotent groups A x,_ A introduced by Gléckner-Willis [59, Section 8]. A group
in that family is defined by a cocycle ns determined by a sequence s: N-g — {0, 1}.
The precise definition will be recalled in Section [£.3.3]

THEOREM 4.8. Let p be prime. Let s € {0,1}>0 and G = A x,, A the group
mentioned above.

Then G is type I as soon as the sequence s satisfies any of the following conditions

for some integer ¢ = 0.

n Example 8.2 of [46], it is claimed that if p is a prime and G is a nilpotent locally compact
group of nilpotency class ¢ < p in which every element is contained in a pro-p subgroup, then the
regularity condition automatically holds for G. That claim is inaccurate: indeed, in the additive
group g = Fp((t)), the sum of two closed subgroups can fail to be closed (e.g. the subgroups
a=TF,[t~'] and b = F,[t~! + ¢] are both discrete, and their sum is dense).
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(1) s(z) =1 for all z with z > c.

(2) s(z) =0 for all even z, and s(z) =1 for all odd =z with z > c.

(8) There is an integer d > 0 such that s(z) = 0 for all z ¢ dN, and s(z) =1 for
all z € dN with z > c.

On the other hand, G is not type 1 if s satisfies the following.

(4) For some integer d > 0, we have s(d) = 1 and s(dn) = 0 for all n = 2.

It is proved in [27, Theorem 5.9] that if s is non-zero and finitely supported, then
G is not type I. Theorem 4) recovers and strengthens that fact.

The following consequence of Theorem [4.8| (see also Proposition [4.38) provides a
positive solution to [27, Problem 5.13].

Corollary 4.9. For a given prime p, the family of groups Ax,_ A contains infinitely
many pairwise non-isomorphic type I groups, and uncountably many pairwise non-

isomorphic non-type I groups.

Remark 4.10. The sequences giving rise to type I groups in Theorem are
asymptotically periodic, but not asymptotically zero. However, the precise bound-
ary between type I groups and non-type I groups remains unclear. Notice in particu-
lar that, according to Theorem the group G is type I'if s = (1,0,1,0,1,0,1,...)
but not type I'if s = (1,1,1,0,1,0,1,...).

The class of type I groups enjoys various stability properties with respect to basic
algebraic constructions: e.g. passing to open subgroups, passing to quotient groups,
forming finite direct products, see [7, Proposition 6.E.21]. It is moreover known
that if G is a locally compact group admitting a closed normal subgroup N such
that G/N is compact, then G is type I as soon as N is so. Recently, A. Chirvasitu
[33] §2.2] has shown that the converse does not hold, even within the class of two-
step nilpotent groups: in general the type I property need not be inherited by a
closed cocompact normal subgroup. By revisiting Chirvasitu’s construction in the
light of the results of this paper, we establish the following. It applies notably to
all the contraction groups appearing in Theorem that are further discussed in
Section

THEOREM 4.11. Let G be a two-step nilpotent second countable locally compact
group with center Z. Let N < G be a closed subgroup with [G,G] < N < Z. Letp
be a prime, and suppose that N and G/N both have exponent p.

Then for each character x € Z\Af, the quotient G/ker(x) continuously embeds as a
closed cocompact normal subgroup in a two-step nilpotent locally compact group that
is type 1.
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For all non-type I groups arising in Theorem [£.8] there is a central character x such
that G/ker(x) is not type I (see Remark [4.40). Hence Theorem yields a broad
family of non-type I groups embedding as closed cocompact normal subgroups in

two-step nilpotent locally compact groups.

While we have focused on second countable groups in this introduction, several re-

sults mentioned above are established below without any countability assumptions.

Layout of the article. In Section [.2] we establish Theorem [.1] and its con-
sequences, and present various supplements for the class of totally disconnected
groups. In Section we focus on two-step nilpotent groups with monomial com-

mutation relations, finishing with a proof of Theorem Finally, the proof of
Theorem is given in Section [4.4]

Acknowledgements. We thank Tom De Medts for drawing our attention to
his preprint [38], and for his comments on the proof of Corollary

4.2. Unitary representation theory of two-step nilpotent groups

Throughout this paper, we define the commutator of two elements g, h of a group
as [g,h] = ghg='h~!. We assume that the reader has some familiarity with the
theory of unitary representations of locally compact groups (see [42] and [7]) and
with Pontryagin duality (see [16] Ch. II] and [138], Ch. F]).

4.2.1. Characterizing closed points in the unitary dual. Given an irre-
ducible unitary representation m of a locally compact group G, we denote by [r]
its equivalence class under unitary equivalence. Thus [7] € G. In the special case
where 7 is one-dimensional, we identify [7] with the character of 7, which is a com-
plex valued function on G. For each closed normal subgroup L of G containing the
commutator subgroup [G,G], we define L+ < G as the closed subset consisting of
those characters of G that are trivial on L. Note that L' is naturally isomorphic to
5/\L, and carries a canonical group structure defined by pointwise multiplication of
characters. By Schur’s lemma, the restriction of an irreducible representation m to
the center Z of G defines an action of Z by scalar operators. Thus 7(z) = x.(2)Id
for some character x, € A , called the central character of .

We start by recalling Poguntke’s parametrization of the primitive ideal space Prim(G)
of a two-step nilpotent group G, which appears as the first proposition in [120], Part
I] and, according to Poguntke, relies on ideas due to R. Howe, see [68], Prop. 5] and
Kaniuth [73, Lemma 2]. We follow the presentation from [75] §5.8].
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So let G be a two-step nilpotent locally compact group with center Z. FEvery

character x € 7 defines a homomorphism
(4.2.1) wy:G—Zt g (xZ — x([g. 2]))-

Since w, is trivial on Z and since Z 1 is canonically isomorphic to G/Z, we may as

well view w, as a homomorphism of abelian groups

wy: G/Z — C/T’/\Z

Given y € Z, we set L, ={9eG|[g,G] < ker(x)}. We also set
Ay =foe Ly lalz = x}.

Since L, /ker(x) is abelian, and since characters of closed subgroups of locally com-
pact abelian groups can always be extended (see [16, Chap. II, §1, no. 7, th. 4]),

we infer that A, is non-empty. Set
P={(x,o) | xeZ, aeA}.

The first part of the following result is known as Poguntke’s parametrization
of the primitive ideal space Prim(G) := Prim(C*(G)).

THEOREM 4.12. Let G be a two-step nilpotent locally compact group.

(i) The map
(x,a) — C*—ker(indfx a)
establishes a one-to-one correspondence from P to Prim(G).
g . .G NTe -
(ii) For all (x1,1), (x2,a2) € P, the weak containment 1ndLX1a1 < mdLX2 o 18
equivalent to the equality (x1, 1) = (X2, @2).
(iii) Let 7 be an irreducible unitary representation of G with central character x.
Then 7 is weakly equivalent to T Q) for all Y € Li. Moreover, the group Li

coincides with the closure of the image of wy,.

PRrROOF. For (i), see [75] Theorem 5.66]. The item (ii) follows from the argu-
ments in the last part of the proof of [75] Theorem 5.66]. The item (iii) is explicitly
established in the same proof (see the last few lines on page 260 and the first few
lines on page 261 in [75]). O

Corollary 4.13. Let G be a two-step nilpotent locally compact group. Given irre-
ducible unitary representations w1, e of G, we have w1 < 7o if and only if T ~ 7.
Equivalently, the space Prim(G) is Ty.

In particular, a two-step nilpotent locally compact group is type 1 if and only if it is
CCR.

PROOF. This follows directly from Theorem [£.12{i) and (i). O
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Remark 4.14. The fact that Prim(G) is a T1-space is pointed out by D. Poguntke
in the first paragraph of Part I in [120]. This property is also known for discrete
nilpotent groups (see [68] for finitely generated groups and [119)] for the general
case) and for nilpotent locally compact groups containing an open normal subgroup
that is compactly generated (see [?]). It is an intriguing open problem to determine

whether it holds for an arbitrary second countable nilpotent locally compact group.

Recall that a unitary representation p of G is called a factor representation if
the von Neumann algebra generated by p(G) is a factor. In that case, the operator
p(2) is scalar for any element z of the center Z of G. Thus p(z) = x,(z)Id for some
character x, € Z , called the central character of p. This definition is consistent
with the one given above: indeed every irreducible representation is a factor repre-
sentation. Combining Theorem with the work by Baggett—Kleppner [5] (valid
without any second countability assumption), we establish the following character-

ization of the closed points in G.

THEOREM 4.15. Let G be a locally compact group that is two-step nilpotent, and
7w an irreducible unitary representation of G with central character x. Then the
following assertions satisfy the implications (i) < (ii) < (iit) < (). If in addition
G is second countable, then they are all equivalent, and the second sentence of (ii)

can be discarded.

(i) [x] is a closed point in the unitary dual G.
(i) The homomorphism wy: G/Z — G/Z, defined as in Equation has a
closed image. Moreover, the image of every open subset is relatively open.
(iii) Every factor representation of G with central character x is type 1.

(iv) Every factor representation of G weakly equivalent to m is type 1.

PROOF. We may view G as a central extension of the abelian group G/Z asso-
ciated with a Z-valued 2-cocycle k: G/Z x G/Z — Z. The composite map w = Yok
defines a C-valued cocycle, and there is a canonical one-to-one correspondence be-
tween the unitary representations of G with central character x, and the so-called
w-representations of G/Z considered by Baggett—Kleppner [5] (see the first few lines
on p. 302 in [5]).

The image of w, is contained in Li, which is a closed subset of Z+. By the
Corollary to Theorem 3.2 in [5], we infer that (ii) and (iii) are equivalent (see also
the discussion preceding Theorem 3.3 in [5], showing that the second sentence of

(ii) can be discarded if G is second countable).

Since restriction of representations preserves weak containment, every factor repre-
sentation weakly contained in 7 must have the same central character as w. Thus

it is clear that (iii) implies (iv).
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Let us now show that (iii) implies (i). Let 7 be an irreducible unitary representation
of G. Since Prim(G) is T1 by Theorem every primitive ideal in the C*-algebra
of G is maximal, hence the C*-algebra generated by 7, denoted by C* (), is sim-
ple. Every factor representation of C* () naturally defines a factor representation
of G that is weakly contained in 7. Considering the restriction of such a factor
representation to Z, we infer that its central character is y since the operation
of restriction preserves weak containment. If (iii) holds this factor representation
is type I. From Glimm’s theorem and its extension to the non-separable case by
Sakai (see [42], Theorem 9.1] and the discussion in [11], IV.1.5.8]), we know that a
C*-algebra is type I if and only if each of its factor representations is type I. We
deduce that the C*-algebra C*(r) is type I. Since C*(n) is also simple, it must
be elementary, i.e. it is isomorphic to the C*-algebra of compact operators on a
Hilbert space. It follows that C*(7) has a unique equivalence class of non-zero irre-
ducible representations (see [42], Corollary 4.1.5]). In other words, every irreducible
unitary representation of G weakly contained in 7 is equivalent to . This proves
that (iii) implies (i).

Let us now show that (iv) implies (ii). Indeed, assume that (ii) fails. By The-
orem i), there exists o € A, such that 7 ~/111de04 (since m(¢) is a scalar
operator for each ¢ € L, this just means that a € L, is the associated character).
We have ker(m) = ker(a) < L, hence ker(«) is normal in G and the representation
m factors through G/ker(c). The center of G/ker(c) is L/ker(a). Recall that w,
may be viewed as a homomorphism of G/L,, to its dual. Using that (ii) is equivalent
to (iii) for the quotient group G/ker(«), we deduce that some factor representation
p of G/ker(«) with central character « is not type I. By precomposing p with the
canonical projection G — G/ker(a), we may view p as a factor representation of
G. By definition, for each ¢ € L, we have p({) = «(¢)Id. This implies that each
irreducible representation ¢ < p has the same Ponguntke parameters as 7. There-
fore, we have o ~ 7 by Theorem [1.12} It follows that the factor representation p is

weakly equivalent to 7. Since p is not type I, we deduce that (iv) indeed fails.

It remains to show that (i) implies (ii) under the additional hypothesis that G
is second countable. If (iv) fails, then G has a factor representation p weakly
equivalent to 7, that is not type I. Invoking [7, Corollary 7.F.4], it follows that G

has uncountably many inequivalent irreducible representations weakly equivalent

to p. Each of them is weakly equivalent to 7, so that the closure {[r]} contains

uncountably many points. Thus (i) fails. O

Remark 4.16. In order to prove the implication (i) = (ii) in Theorem without
the second countability assumption, we would need to know that if the simple C*-
algebra C*(7) has a unique equivalence class of irreducible representation, then it

is type I (hence elementary). This is not true for non-separable simple C*-algebras
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in general (see the counterexample to Naimark’s problem in [I]). We do not know
whether this property holds for the family of simple C*-algebras C* () arising in
Theorem F.15]

The following characterization of two-step nilpotent groups of type I follows easily.

Corollary 4.17. For a two-step nilpotent locally compact group G with center Z,

the following conditions are equivalent.

(i) G is type L.
(ii) G is CCR.
(iii) For each x € Z, the homomorphism wy: G/Z — G/Z has closed image.
Moreover, the image of every open subset is relatively open.

If in addition G is second countable, then this is also equivalent to:

(iv) For each x € Z, the homomorphism wy: G/Z — Cj/\Z has closed image.

PROOF. The equivalence between (i) and (ii) was recorded in Corollary
The equivalence between (i), (iii) and (iv) follows from the equivalence between
(ii) and (iii) in Theorem [4.15] (since a group is type I if and only if each of its
factor representations is type I, see [42] Theorem 9.1] and the discussion in [11],
IV.1.5.8]). O

Corollary [£.17] provides a characterization of the type I condition in terms of the
topological/algebraic structure of G. Various applications will be presented in Sec-
tion below. Let us already record the following.

Corollary 4.18. Let G be a two-step nilpotent locally compact group, and N be a
closed subgroup contained in the center of G. Assume that N splits as the direct
product of two closed subgroups N1 and N such that [G,G] € Na. Then G is type I
if and only if G/Ny is type L.

PROOF. By definition, the type I property passes to quotient groups, so G/N;
is type I as soon as G is.

Let Z be the center of G. Since [G,G] < N < Z by hypothesis, we have Z+ < N+,
Moreover for each y € A , the homomorphism w,, is trivial on Z-cosets, hence also
on N-cosets. Thus we may naturally view w, as a map from G/N to its dual.
By hypothesis we have N =~ N; x Ny. Thus N =~ J/V\l X ]/\7\2 Hence there exists
X' € N, such that x and x’ have the same restriction on Ny. It follows that w,
and w,s have the same image in C7/1\V . Assuming that G/Nj is type I, it follows
from Corollarythat the image of w,- in (G/NW(\N/Nl) ~ CT/]\V is closed. The
result follows. O
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4.2.2. Totally disconnected groups. We shall now focus on totally discon-
nected locally compact groups (whose name will henceforth be abbreviated by tdle

groups). In that case, additional algebraic characterizations may be added to

Theorem and Corollary

Recall that every continuous homomorphism of a tdlc group to a Lie group has
an open kernel, since Lie groups have no small subgroups. In particular, every
character of a tdlc group has an open kernel. It follows that if G is a two-step
nilpotent tdlc group with center Z and x € Z , then there exists a compact open
subgroup U < G with U n Z < ker(x). We infer that the derived group [U,U] is
contained in ker(y).

Proposition 4.19. Let G be a second countable two-step nilpotent tdlc group with
center Z, and let x € 7. Let wy: G/Z — CT/\Z be the homomorphism defined in
Equation . Let also U < G be a compact open subgroup such that [U,U] <
ker(x). Define

Oxu =1{9€G|[g,U] < ker(x)}
and
Lyuv ={9€0yu | [9,0xv] S ker(x)}.

Let x be a character of Ly u that extends x (the quotient L, y/ker(x) is an abelian
group that contains Z /ker(x) as a closed subgroup, hence such a character x always
exists by [16, Chap. II, §1, no. 7, th. 4]).

The following assertions are equivalent.

(i) The image of wy: G/Z — 5/? is closed.
(i1) The quotient Oy /Ly v is finite.
(1it) The quotient Oy, i /ker(x) is center-by-finite, i.e. its center is of finite index.
(i) The quotient Oy v /ker(x) is a type I group.
(v) The quotient Oy, u/ker(x) is a type I group.
(X

(vi) The quotient O,y /ker(x) is center-by-finite.

PRrROOF. By definition, the quotient group L, i /ker(x) is the center of O, v /ker(x).
The equivalence between (ii) and (iii) readily follows.

Recall that a subgroup of a locally compact group is closed if and only if it is locally
closed (see [17, Ch. ITI, § 2., Prop. 4]). In the dual C/J/\Z, an identity neighbourhood
is provided by all the characters that vanish on UZ/Z. Given g € G, the character
wy (gZ) vanishes on UZ/Z if and only if [g, U] < ker(x), which means that g € O, v .
This proves that w, has a closed image if and only if the restriction of w, to O, v
has a closed image.
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Now we invoke Theorem iii) that we apply to the group O, y/ker(x) and the
character x defined on its center. By definition, we have

Ly = {g € Oyu/ker(x) | 9, Oxu] S ker(%)}-
Since [G,G] < Z, we infer that Ly = L, y/ker(x) and that wy is nothing but the

restriction of w, to O, y (which is indeed trivial on ker())). The map wy may be
viewed as a map
wi: Oxu/Lyv = Oxu/Lxus

whose image is dense by Theorem iii).

Since L,y contains U, it is an open subgroup of O, ;. The image of w, is thus a
countable dense subgroup of the compact group O, /Ly ,v. We infer that wy has
a closed image if and only if the countable discrete group O, /Ly, v is compact.

The equivalence between (i) and (ii) follows.

It is clear that (iii) implies (iv). Since the type I conditions passes to quotient

groups, and since ker(x) contains ker(), the assertion (iv) implies (v).

Finally, we observe that L, y/ker(x) is the center of O, y/ker(x). Hence (iii)
and (vi) are equivalent. If (v) holds, then we invoke Corollary for the group
Oy u/ker(x) and the central character x (viewed as a character defined on the
quotient L, y/ker(x)). We infer that the image of the homomorphism wy is closed.
As seen above, this implies that O, /L, v is finite. Thus (v) implies (iii). O

Remark 4.20. The subgroup O, ¢ is open in G since it contains U, and O, ¢ /ker(x)
has an open center, namely L, 7/ker(x). Hence the kernel ker(x) is also open and
so the quotient O, y/ker(x) is always discrete.

Remark 4.21. Proposition [4.19] may be viewed as a manifestation of Mackey’s
little group method: the unitary representation theory of the larger group G is

controlled by that of the subgroup Oy, which plays the role of the little group.

One may actually describe much more precisely how Mackey’s little group method
applies to the situation treated by Proposition Indeed, the group UZ /ker(y)
is an abelian closed normal subgroup of G/ker(x), and one may verify that it is
regularly embedded. Moreover given a character 1 of UZ /ker(y), it is easy to see
that its stabilizer Gy, (for the natural G-action on the dual of UZ /ker(x)) coincides
with Oy . In view of Theorem one can establish Proposition by invoking
Mackey’s theorem [100, Theorem 3.11].

Remark 4.22. The items (ii) and (iii) in Proposition depend on the choice
of a compact open subgroup U with [U,U] < ker(x), while the item (i) does not.
Hence the validity (ii) and (iii) for one specific subgroup U implies it for all.

Fix a descending chain U = Uy > Uy > ... of compact open subgroup that form a
basis of identity neighbourhoods in G. For each n = 0, set O,, = O, v,,. The groups
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(Oy,) form an ascending chain of open subgroups. Given g € G, the character w, (g)
is continuous, hence it has an open kernel. It follows that ker(w,(g)) contains U,
for some n. Hence g € O,,. Therefore we have G = J,, O,,. We have just seen that
Ogp/ker(x) is center-by-finite if and only if O, /ker(x) is center-by-finite for all n.
Thus (iii) implies that G/ker() is a countable ascending union of open subgroups
that are center-by-finite.

Remark 4.23. In the case where G is discrete, one may take U = {e}. In that
case Oy = G and L,y = L,. Thus, if G is discrete and countable, then the
assertions of Theorem [4.15/hold if and only if G/L, is finite, if and only if G /ker(x)
is center-by-finite.

Combining Proposition [£.19 with the results of the previous section, we obtain the

following.

Corollary 4.24. Let G be a countable two-step nilpotent group with center Z.

Then the following conditions are equivalent.

(i) G is type L.
(ii) G is virtually abelian.
(iii) For each character x € 2, the quotient G/ker(x) is center-by-finite.

PROOF. The equivalence between (i) and (ii) is valid for all discrete groups,
according to Thoma’s theorem [141] Satz 4]. The equivalence with (iii) is a conse-

quence of Corollary and Proposition (see Remark |4.23)). O

Remark 4.25. A finitely generated nilpotent group is virtually abelian if and only
if it is center-by-finite. This follows for example from Bass—Guivrac’h’s theorem
describing the asymptotic growth type of a finitely generated nilpotent group (see
[44] Theorem 14.26]). Thus the equivalence between (ii) and (iii) is obvious for
finitely generated groups. However, a virtually abelian two-step nilpotent group
that is not finitely generated may fail to be center-by-finite. As an example, let
k be a field of prime order p. Consider the action of the additive group k on the
2-dimensional vector space over k, denoted by V, where x € k acts as the matrix
1 =z
0
direct sum of copies of V', and let G = A x k be the semi-direct product, where

. Let A be the countable abelian group defined as the countably infinite

k acts on each copy of V through the action defined above. Then G is virtually
abelian and two-step nilpotent, but the center of G is of infinite index.

We mention a purely algebraic consequence of Corollary that we will need
later. It can be compared to the fact that an infinite direct sum of non-abelian

groups is never virtually abelian.



90 4. THE TYPE I DICHOTOMY FOR TWO-STEP NILPOTENT GROUPS

Corollary 4.26. Let G be a group and for each integer n = 0, let G,, be a non-
abelian two-step nilpotent subgroup of G. Suppose that (G, Gn] = {e} for all
m # n. Set A, = [G,,G,]. If the subgroup generated by | J,, Ay is isomorphic to
the direct sum @,, Ay, then G is not virtually abelian.

PROOF. Let gn,h, € G, be non-commuting elements. Let GL = {g,,hn,),
Al = [G},GL] and G* = ({J,, GL). Tt suffices to show that G! is not virtually
abelian. Since the G,,’s pairwise commute, the multiplication map defines a sur-
jective homomorphism @, GL, — G'. Since G}, is two-step nilpotent for all n, it

follows that G' is a countable two-step nilpotent group.

Set A' = (J,, AL and a,, = [gn, hy]. The hypotheses imply that A' is abelian and
splits as the direct sum of the A.’s. Hence its dual is the direct product [, ;12
We infer that there is a character x of A such that x(a,) # 1 for all n. We extend
X to a character defined on the center of G, that we also denote by x. We claim
that G /ker(x) is not center-by-finite.

Let Z be the center of G! /ker(x) and suppose for a contradiction that Z has finite
index. Let m: G — G'/ker(x) be the canonical projection. By the pigeonhole
principle, there is a strictly increasing function ¢: N — N such that the map
n > T(gy(n))Z is constant. Thus w(g;(lo)gd,(n)) € Z. In particular, for all n > 0,

the commutator

(79509 m)> T(hp)] = T([Gmy s Pryny])

is trivial. This means that [gy ), hyn)] = aypm) € ker(x) for all n > 0. This
contradicts the definition of x.

In view of Corollary we deduce that G is not virtually abelian. The conclusion
follows. O

Corollary 4.27. Let G be second countable two-step nilpotent tdlc group. Then G
is type 1 if and only if every discrete quotient of every open subgroup of G is type 1.

Proor. The type I condition passes to quotient groups and to open subgroups
(see [T, Proposition 6.E.21(1)]). Thus the ‘only if’ part of the corollary holds.

The converse follows by combining Corollary Proposition [4.19) and Remark
4.20] O

Corollary may be combined with Corollary We infer that for a second
countable two-step nilpotent tdlc group, the type I condition is characterized by a

purely algebraic conditions to be satisfied by discrete quotients of open subgroups.
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4.2.3. Groups with a bilinear commutator map. Our next goal is to
apply the previous results in order to show that several naturally occurring two-

step nilpotent tdlc groups are type I.

We start with a general discussion. Let G be a group with center Z. Then G is
two-step nilpotent if and only if the commutator group [G,(G] is contained in Z.
Suppose that this the case. Given any subgroup N of G with [G,G] < N < Z,
we may view G as a central extension of the abelian quotient A = G/N by N. As
such, it is described by the cohomology class of a 2-cocycle w, which is defined as
amap w: A x A — N satisfying the following cocycle identity for all a, b, c € A:

w(a+b,¢) +w(a,b) = wla,b+ c) + w(b,c),

where we have used an additive notation for the group laws of abelian groups A
and N. We shall focus on the case where G is locally compact and N is closed; the

cocycle w is then continuous.

Keeping in mind Theorem [4.15| and its consequences established above, we see that
the type I property of G does not formally depend on the isomorphism type of G,
or of the cohomology class of w, but rather on the commutator map

G xG—[G,G]:(g,h)— ghg *h™'.

This map is constant on cosets of Z, hence on cosets of N. Setting A = G/N as

above, we see that it induces canonically a map
vy:AxA—>N
that we also call the commutator map.

Remark 4.28. It is important to observe that any biadditive map A x A — N
satisfies the cocycle identity. Since the commutator map on a two-step nilpotent
group is biadditive, it follows that it can be viewed as a 2-cocycle. Thus every two-
step nilpotent group G defines another two-step nilpotent group C~¥, with the same
underlying set as GG, and whose defining 2-cocycle is the commutator map of G.
By considering the dihedral group of order 8 and the quaternion group of order 8,
it is easy to see that two non-isomorphic groups may share the same commutator
map, and that G need not be isomorphic to é If the map a — 2a defines an
automorphism of IV, then G is isomorphic to (NC), see [36], Proposition 2.8]. We do
not need those facts, but we find it relevant to record that the commutator map
captures enough information to determine whether G is type I, but not enough

information a priori to determine the isomorphism type of G.

Let us start by observing that Corollary [£.17] recovers a couple of well-known cases
of type I nilpotent groups. The fact that connected nilpotent locally compact



92 4. THE TYPE I DICHOTOMY FOR TWO-STEP NILPOTENT GROUPS

groups are type I is due to Dixmier [40]. For p-adic groups, the corresponding
result follows from [48] (see [105] §4] for further details).

Corollary 4.29. Let G be two-step nilpotent locally compact group with center Z,
and N be a closed subgroup with [G,G] < N < Z. Then G is type I in each of the

following cases.

(1) G/N is almost connected (i.e. the group of components of G/N is compact).
(2) G/N has a finite index open subgroup isomorphic to (@g x L5, for some prime

p and some integers d,e = 0.

PROOF. Set A = G/N. Let x € Z be a character. In view of Corollary we
must show that the image of the map wy: G — Z L from Equation is closed.
Since [G,G] < N < Z by hypothesis, we have Z+ < N+. Moreover w, is trivial on
Z-cosets, hence also on N-cosets. Thus we may naturally view w, as a map from
A =G/N to its dual A.

Let A° be the identity component of A. By [138, Theorem 23.11], the group A°
splits as the direct product M x V', where M is the largest compact subgroup of A°
and V = R? is a vector group for some d > 0. Thus V is a subgroup of A and the
quotient A/V is compact. It follows from Pontryagin duality that the dual A splits
as the direct product M x VL see [138, Theorem 24.10]. Since R is self-dual, so is
V', hence V =~ V. Moreover V= is isomorphic to Z/T/ , which is discrete since A/V

is compact.

In order to show that the continuous homomorphism w, : A — A has a closed image,
it suffices to show that its restriction to V" has a closed image. Since V is connected,
the restriction of w, to V yields a continuous homomorphism V' — V =~ V. Since
those groups are uniquely divisible, any group homomorphism is a morphism of
Q-modules, hence an R-linear map by continuity (see [138] Theorem 24.6]). In
particular its image is a vector subspace, hence it is closed.

In case A = G/N is virtually a p-adic group of the form Ay = Qg X Z,, the proof is
similar. Indeed it suffices to show that the restriction of w, to the vector subgroup
(@Z has a closed image. Since Q, is self-dual, the dual of Ay is isomorphic to
(@g x (C;°)¢, where C° is the dual of Z,, which is isomorphic to group of p-power
roots of unity. Since Qg is divisible while C;° has no non-trivial divisible element,
it follows that the restriction of w, yields a continuous homomorphism of Qg to
itself. As in the case of R, any such homomorphism is a morphism of Q-modules
by divisibility, hence an Q,-linear map by continuity. Thus the restriction of w,
to the vector subgroup Qg has a closed image, and the result follows since Qg is

cocompact in A. O
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The following result will allow us to cover broader families of examples including
algebraic groups over fields of positive characteristic.

THEOREM 4.30. Let k be a non-discrete locally compact field. Let G be two-step
nilpotent locally compact group with center Z, and N be a closed subgroup with
[G,G] < N < Z. Suppose that the abelian groups A = G/N and N are the additive

groups of vector spaces over k.

If the commutator map v: A x A — N s k-bilinear, then G is type 1.

PROOF. Since A and N are locally compact, they are finite-dimensional over

k. In particular G is second countable.

Let x € Z be a character. In view of Corollary we must show that the image
of the map w, : G — Z1 from Equation is closed. Since [G,G] < N < Z by
hypothesis, we have Z+ < Nt. Moreover w,y is trivial on Z-cosets, hence also on

N-cosets. Thus we may naturally view w, as a map from A = G/N to its dual A.

The dual A is naturally a k-vector space, with scalar multiplication defined by
Ap(a) = ¥(Aa) for any ¢ € /Al, A€k and a € A. The locally compact field &, hence
also the group A, are isomorphic to their dual (see Theorem 3 on p. 40 in [148]).
Now, using the k-bilinearity of «, we observe that

Awy(g)(a) = x 0 (g, Aa)
=X °7(Ag,a)
= wy(Ag)(a)

for all A € k and ¢g,a € N. Thus the image of w, is invariant under scalar multipli-
cation. Since w, is a group homomorphism, its image is also stable under addition.
Therefore, the image of w, is a vector subspace, hence the zero set of a family of
k-linear forms. Therefore, it is closed. (I

We shall now established Corollary stated in the introduction. In the case (3),
the proof uses the notion of a Moufang set. We refer to [39] for an introduction
to this topic. We do not repeat the detailed definitions, some of which are rather
technical, but we only describe the key points from which the desired conclusion
follows. Let us moreover note that special cases of Moufang sets of skew-hermitian
type appearing below are those associated with a separable quadratic extension of
k, defined in [39] Def. 5.4.1)]. The latter suffice to treat the unipotent radical of

minimal parabolics in the unitary groups SUs.

PROOF OF COROLLARY [£.5l We must show that the hypotheses of Theorem [4.30)
are satsified.

For the groups satisfying (1) or (2), this follows from the definitions.
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For the groups satisfying (3), the verification is more involved. Clearly we may
assume that the group is non-abelian. Moreover, the case where k£ = R or C being
covered by Corollary we may further assume that k is a non-Archimedean
local field (see [148| Chapter 1]).

Let us first observe that such a group U can indeed be viewed as a central extension
of vector groups over k: indeed, this follows from [I5] §3.17]. To check the bilin-
earity of the commutator map, we invoke the classification of the simple algebraic
k-groups of k-rank one. Since k is a non-Archimedean local field, all such groups
are of classical type (see the tables in [142] §4]). Moreover, by [38, Remark 4.5]
(see also [12] Corollary 1.4.5]), the classification implies that U may be viewed as
the root group of a Moufang set of skew-hermitian type, as defined in [38] §4.1].
Such a Moufang set is determined by a pseudo-quadratic space (D, Dy, o, V,p) as
defined in [143] (11.17)]. By definition, this means that D is a skew-field with
center K which, in our case, is finite-dimensional over K, o is an involution of D,
Dy is a K-subspace of D containing 1, such that a”Dya < Dg for all a € Dy, V
is a right D-module, and p is a pseudo-quadratic form with corresponding skew-
hermitian form h. Moreover, the defining ground field k£ coincides with the fixed

field k = Fixk (o) of o, which is of codimension 1 or 2 in K.
The group U is defined as in [143] (11.24)]. It is the set
U={(v,a) eV xD|p()—ac Dy}
with group multiplication
(v,a).(w,b) = (v+w,a + b+ h(w,v)).

We define the closed normal subgroup N as {(0,a) € U | a € Dy}. Observe that
N =~ Dy is a K-vector group, hence a k-vector group. One checks that U/N is
also a k-vector group with scalar multiplication induced by \.(v,a) = (v, a)?).

Moreover, one computes that the commutator map is
v: U/N xU/N — Dq
((v,a)N, (w,b)N) = h(w,v) — h(v,w) = h(w,v) + h(w,v)’.

This need not be bilinear over K, but it is bilinear over k. ([

4.3. Contraction groups
4.3.1. Definition. In this section, we address the type I dichotomy for some
tdlc contraction groups.

Let us start by recalling the definition. It is assumed throughout that automor-

phisms of topological groups are bicontinuous.
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Definition 4.31. Let G be a topological group and « € Aut(G). The automor-
phism « is contractive if for all g € G, a™(g) — idg as n — 0. A contraction group
is a pair (G, «), where G is a topological group, and « € Aut(G) is contractive. If
G satisfies a property P (e.g. locally compact, totally disconnected, torsion...) then

we call (G, «) a P contraction group.

The structure theory of locally compact contraction groups is studied thoroughly
in the articles [136), (58| [59] [60]. In view of the important role played by con-
traction groups within the structure theory of general tdlc groups, studying their
representation theory is rather natural (see [27] for more information). Contraction
groups also appear naturally in algebraic groups over local fields; indeed, unipotent
radicals of parabolic subgroups are all contraction groups (see [122] Lemma 2.4]).
In particular, the examples treated by Corollary 3) are all contraction groups.

4.3.2. Two-step nilpotent groups with monomial commutation rela-

tions. We shall consider the family of two-step nilpotent groups defined as follows.

Definition 4.32. Let p be a prime, F, be the finite field of order p, andA = F,((t))
the local field of formal Laurent series with coefficients in F,. Let G be a two-step
nilpotent with center Z and N be a closed subgroup with [G, G] < N < Z, such that
G/N and N are both isomorphic to the additive group A. Denote by y7: Ax A — A
be the commutator map. We say that G has monomial commutation relations

if there exists a map u: Z x Z — F,, such that
F(E" ) = u(m, n)t™ "

for all m,n € Z. Notice that such a group G is second countable, since A is so.

Since the commutator map is continuous and bi-additive, the identity ~(¢t™,t") =

u(m,n)t™*" completely determines the map ~.

In order for a group G as in Definition [£.32] to admit a contractive automorphism
that preserves N, it is necessary that A has two contractive automorphisms, say
a, B, such that vy(a(g),a(h)) = B(v(g,h)) for all g;h € G. The most natural
contractive automorphisms are given by the multiplication by positive powers of ¢.
If a: a — t% and B: a — t*>%a, we see that the map u from Definition must
satisfy
u(m+d,n + d) = u(m,n)

for all m,n € Z. This is clearly the case if u(m,n) = op—p, whereo: Z - Fp, : 2 —
0, is a bi-infinite sequence of elements of F,,. Since the map u satisfies u(n,n) = 0
and u(m,n) = —u(n,m) for all m,n, we see that op = 0 and o_, = —0, for all z.
Thus o is uniquely determined by its restriction to the positive integers. If G is as
in Definition and if moreover u(m,n) = op,_p, we say that G has monomial

commutation relations of type o.
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THEOREM 4.33. Let G be a two-step nilpotent tdlc group with monomial commu-
tation relations of type o. Then G is type 1 if any of the following conditions are

satisfied for some integer ¢ > 0.

(1) o, # 0 for all z € Z with |z| > c.

(2) 0. =0 for all z € 27, and o, # 0 for all z € 27Z + 1 with |z| > c.

(8) There is an integer d > 0 such that o, = 0 for all z ¢ dZ, and o, # 0 for all
z € dZ with |z| > c.

PRrROOF. Since A is a group of exponent p, the image of every non-trivial char-
acter is a cyclic group of order p. We may thus view the Pontryagin dual Aof A

as the group of continuous homomorphisms x: A — Fp,.

In order to show that G is type I, we shall apply Proposition for an arbitrary
character x € A. We may assume without loss of generality that y is non-trivial.
Set a,, = x(t™) for all m € Z. Since x is continuous, we have a,, = 0 for all
sufficiently large m. Thus it makes sense to define kg € Z as the largest integer such
that ag, # 0. We also set Ky = max{—1,ko} and set

UA = 5ot 1R [11]).

Hence U4 is a compact open subgroup of A, and there exists a compact open
subgroup U of G whose projection to A = G/N coincides with U4. Moreover, it
follows from the definitions that [U, U] € ker(x).

Let Oyv = {g € G| [9,U] < ker(x)}, as in Proposition m Let also OQU <A
be the image of O,y under the canonical projection G — G/N =~ A. An element
x = Z?O:io x;t" € A belongs to O;?’U if and only if y(x,t™) € ker(x) for all m > K.
Using that x is F,-linear, we deduce that

o0

(4.3.1) T € O;"U — 2 OiemQirmTi =0 VYm > K.

i=1g

Recall that a; = 0 for all kK > kg. Thus, in the equations above, the terms indexed
by any i > kg — m are all zero, and we obtain

k)g—m
(4.3.2) T € OQU — 2 Oiem@irmT; =0 VYm > K.

i=ig
We view that condition as a system of Fp-linear equations that the coeflicients
(2;)izi, of x must satisfy. Using again that a; = 0 for all k& > kg, we see that all
the equations corresponding to any m > kg — ig are trivial. Thus the system has
only finitely many equations, one for each value of m satisfying Ko < m < kg — ip.

We rewrite the system by numbering the equations by the number ¢ = kg —ig — m
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and by indexing the sum over n = ¢ — ig. We obtain x € OQ)U if and only if

‘
(433) Z 02ig+L—ko+nAko—L+nTig+n = 0 Vie {07 1a SRR kO — 19— Ko — 1}
n=0
The matrix defining that system is lower triangular. The diagonal entry on the ¢t"

row is

UQ’LO —ko +2€ak‘0 .

Assume now that the condition (1) holds. Then the number of rows with a non-
zero diagonal coefficient is at most c. In particular it is bounded independently
of ¢p. This implies that the F,-dimension of OQU is finite. Therefore O, /N is
finite. Since the group L, y defined in Proposition contains N, we infer that
Oy,u/Ly v is finite. In view of Proposition and Corollary this confirms
that G is type 1.

Assume now that the condition (2) holds. We distinguish two cases.

Suppose first that a = 0 for all odd k. Observe that the integers i — m and i + m
have the same parity. By assumption o = 0 for all even k and a; = 0 for all odd
k. Tt follows that all the linear equations in the system above are trivial
in the case at hand. Hence OQU = A so that Oy y = G. Now an element z € A
belongs to the projection of L, if and only if it satisfies the system for all
m € Z. Every equation in that system being trivial, we infer that L, = G, hence
L, vy = G, so that the quotient O, /L, v is trivial in this case.

Suppose now that there exists an odd integer k such that ai # 0. We let £y be the
largest such integer, so that £y < kg. It follows that the first kg — £y rows of the
matrix of the system are trivial. After discarding them, we obtain a lower
triangular matrix whose diagonal entries are of the form

02i0+2£—2]€0 +£o a/éo .

As in case (1) above, we deduce from the hypotheses that the number of rows with
a non-zero diagonal coefficient is bounded independently of ig. This implies that

the F,-dimension of O;?,U is finite, so that O, u/Ly,u is finite also in this case.

In particular O, /Ly is finite in both cases, hence G is type I by Propositionm
and Corollary

Assume finally that the condition (3) holds. For each i € {0,1,...,d — 1}, we
set A; = t'F,((t?) < A and define G; as the preimage of A; under the canonical
projection G — G/N =~ A. Each G; is a closed normal subgroup of G, and we have
G = GoG1 ...G4_1. Moreover, in view of (3), we have [G;, G;] = {e} for all i # j.
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It follows that the product map

Go x Gy x -+ x Ggq, = G :(go,91,-+-,9d-1) = gog1 - --gd—1

is a continuous surjective homomorphism. Recall that the type I property is pre-
served under forming direct products (see [7l, Proposition 6.E.21(3)]). Therefore,
to show that G is type I, it suffices to show that G; is type I for each .

Fix i€0,1,...,d — 1. For all a,b € Z, we have '+ ¢+t ¢ A and

ti+ad7ti+bd) _ t2i+(a+b)d.

7( O(a—b)d

Set N = t2F,((t%)) and N; = @D,22i mod JUF,(tY). Thus Fy((t) =~ N =~ Ny x No,
and we have [G;, G;] < Na. In view of Corollary |4.18] we infer that G; is type I if
and only if G;/Nj is so.

We claim that G;/N; has monomial commutation relations. In order to check this,
we view N/Nj as a subgroup of G;/N;. We identify the quotient A; =~ G;/N =
(G;/N1)/(N/Ny) with A via the isomorphism sending ¢*"¢ to t" for all n € Z. We
moreover identify the group t*F,((t?)) = Ny ~ N/N; with A via the isomorphism
sending t2*t"¢ to t" for all n € Z. After those identifications, we see that the

commutator map of GG; satisfies the identity
V(%) = o(apyat™t’

for all a,b € Z. Now the condition (3) implies that G; satisfies the condition (1).
Thus it is type I, and the proof is complete. O

Remark 4.34. Observe that in all cases covered by Theorem the restriction
of o to N is an asymptotically periodic sequence, which is not asymptotically zero.
That condition is however not sufficient for G to be type I, by virtue of the following

result.

THEOREM 4.35. Let G be a two-step nilpotent tdlc group with monomial commu-
tation relations of type o. Let d > 0 be an integer with o4 # 0. If 04, = 0 for all
n = 2, then G is not type 1.

PrOOF. We shall prove that G has an open subgroup O admitting a discrete
quotient that is not type I. The required conclusion follows (see Corollary [4.27]).

Let U4 = F,[[t] and U be a compact open subgroup of G whose image under the
canonical projection G — G/N = A is U4. Upon replacing U by a possibly larger

group, we may assume that U n N = ¢t~ F,[[¢] for some ng > 0.
We also define
OA _ ( @<t73nd> @ <t3ndd>) @ UA,

n>0
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and O be the preimage of O# in G. Finally, we define

M- @ @) eR.

n>0,n#—d mod 6d

viewed as a subgroup of N ~ A.

We claim that [O,U] € N;. Since the commutator is constant on cosets of N in G,
it suffices to show that for all integers a,b € Z with t* € O4 and t* € U4, we have
y(t%, t°) e Ny.

Let t* € O and t® € UA. We have b > 0. If a > 0, then the fact that v(t%,t%) € Ny
is clear. If a < 0, we have a = —3nd or a = —3nd — d for some n > 0. We infer
that (1%, 1) = —0p13nat? 2" or —0p4 3na+at? 2744 If b is a multiple of d, then
Ob+3nd = Ob+3nd+d = 0 by hypothesis, hence the required assertion follows. If b is
not a multiple of d, then neither b — 3nd nor b — 3nd — d is congruent to —d modulo
6d. Thus we obtain that v(t,t*) € Ny in all cases.

The group N; is a central subgroup of O and [O,U] € Ny, it follows that UN; is
an open normal subgroup of O. Let now

Ny = @ aEm.
n>ng,n=—d mod 6d
Hence Ny n UN; = {e}. Finally, for each n > ng, let g, and h,, € O be preimages
of 7314 and ¢t—3nd=d ¢ O4 respectively. We have [g,, h,] = (¢3¢, ¢t=3nd=d) =
ogt~4767d ¢ N,. By hypothesis o4 # 0, hence g,, and h,, do not commute. On the
other hand, ¢, commutes with g,, and h,, for all m # n.

Set Q@ = O/UN; and let m: O — @ be the canonical projection. For n > ng, let
@, be the subgroup of @ generated by m(g,) and w(h,). Since the restriction of
m to Ny is injective, it follows that the groups @Q,, which commute pairwise, are
non-abelian. Moreover, the collection of their commutator groups [Q,,@,] taken
over all n > ng generates their direct sum. In view of Corollary we infer that
Q is not virtually abelian, hence it is not type I (see Corollary . O

The following consequence of Theorem is immediate. This recover the result
[27] Theorem 5.9]

Corollary 4.36. Let G be a two-step nilpotent tdlc group with monomial commu-

tation relations of type o. If o is non-zero and finitely supported, then G is not

type 1.

4.3.3. The Glockner—Willis contraction groups. We now apply our re-
sults to a class of two-step nilpotent groups first defined by Glockner—Willis in [59),
Section 8]. The study of the unitary representations of those groups was initiated
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by the second author in [27]. Our goal is to strengthen and extend the results from
loc. cit.

As before, we let p be a prime and set A = F,((¢)). Let v: A — Z be the standard

valuation.

Definition 4.37. Given a sequence s: N.g — {0, 1}, we define the map
Ne: Ax A— A

on elements x := Z?iu(z) ity = Ziu(y) yit' € Fp((t)) by

a0
ns(my) = Y, D mivieakt'h

kesupp(s) i=v(x)
The following is shown in [59].

Proposition 4.38 (See [59, Section 8]). For any s € {0,1}">0, the map n, is
a continuous bi-additive 2-cocycle on A, and it is equivariant in the sense that
ns(tx, ty) = tns(x,y) for all x,y € A. Furthermore, the corresponding central exten-
sion, denoted G = A x,,_ A, is a contraction group with respect to the automorphism
« that is multiplication by t on each factor. For distinct sequences s € {0, 1}N>°,

the corresponding groups are mot isomorphic.

Since 7, is continuous and bi-additive, it is determined by its values on pairs (t2,t%).
We observe that
ns(19, 1) = { s(k)tet® if b = a + 2k for some k > 0,

0 otherwise

for all a,b € Z.

The group G = A x, A is defined as the set A x A endowed with the multiplication
defined by
(z,a).(y,0) = (z + y,a + b+ ns(z,y)).

In particular, the second factor N = {(0,a) | a € A} in G corresponds to the canon-
ical central subgroup isomorphic to A, and G/N =~ A. Viewing those isomorphisms
as identification, we may consider the commutator map v,: A x A — A associated
with G as in Section [£.:2.3] One can check that the following identities hold for all
a,beZ:

ifa=boraz#b mod 2,
(4.3.4) v (t2, %) = s(54)t 2z fa<banda=b mod 2,
—s(%b)taT ifa>band a=b mod 2.

For i = 0,1, set A; = t'F,((t?)). We have A =~ Ay ® A;. Let G; be the preimage of
A; under the canonical projection G — G/N =~ A.
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Proposition 4.39. For any sequence s € {0, 1}>0 the group G = A x,_ A has the

following properties.

(i) Go and G are closed normal subgroups of G that commute. Moreover, we
have G = GoG1.
(i) Go is isomorphic to Gy.
(iii) G is type 1 if and only if Gy is type L.
(iv) Go is isomorphic to a two-step nilpotent tdle group with monomial commauta-
tion relations of type o, where o: Z — F, is the sequence defined by

s(z)  ifz>0,
0, = 0 if z=0,
—s(—z) ifz<0.

PrROOF. The commutation relations (4.3.4) imply that Gy and G; commute.
Hence the assertion (i) follows readily from the definitions.

By Proposition the group G has a contractive automorphism « that acts as
the multiplication by t on N =~ A and G/N =~ A. Tt follows that the restriction of
a to Gy is an isomorphism of Gy onto G7. Thus (ii) holds.

Suppose that Gy is type I, so that G is also type I by (ii). Hence the direct product
Go x G is type I by [T, Proposition 6.E.21(3)]. By (i), the multiplication map yields
a surjective continuous homomorphism Gy x G; — G. Hence G is type I as well.

Assume conversely that Gg is not type I. In particular it is non-abelian, hence s
is non-zero. It follows from [59, Lemma 8.4] that N is the center of G and of G.
By Corollary there exists a character y € N such that wy: Go/N — GTO/\N
has a non-closed image. Let U < G be a compact open subgroup of G such that
[U,U] < ker(x), and set Uy = UGy and U; = UnG;. Since G is second countable,
the surjective homomorphism Gy x G; — G is an open map, hence UyU; is open
in G. Therefore, upon replacing U by the smaller subgroup UyU;, we may assume
that U = UyUs.

Let Oy vy, < Go be the group defined in Proposition m The latter implies that
the quotient Oy, y,/ker(x) is not center-by-finite. Since U = UpU; and since Gy
commutes with Gy, we infer that O, y, < Oy,uv. Hence O, y/ker(x) is not center-
by-finite. Using Proposition again, we deduce that w,: G/N — CT/]\V has a
non-closed image. Thus G is not type I by Corollary This proves that (iii)
holds.

To prove (iv), we observe that G contains N, and that Go/N =~ Ag = F,((#?)). The
commutator map of Gy is the map 7,: Ag x Ag — N induced by the commutator
relations appearing in . Consider the isomorphism §: A — Ag sending t" to
2" for all n € Z, and the isomorphism p: A — N sending = to —z for all . Define
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y=povyso(dxd): Ax A— A We deduce from (4.3.4]) that
’)/(ta,tb) _ Ua—bta+b

for all a,b € Z, where o is the bi-infinite sequence defined in the statement of the

proposition. The assertion (iv) readily follows. O

Theorem [£.8]stated in the introduction is now a direct consequence of Theorems[1.33]
and [4.35]

4.4. Type I extensions

The goal of this section is to complete the proof of Theorem stated in the

introduction.

PRrROOF OF THEOREM [L11l Set A = G/N. Since A is abelian, the desired
conclusion is clear if x is the trivial character. We assume henceforth that x is

non-trivial.

Let @ = G/ker(x) and denote the canonical projection by g — g. Since ker(y) < N,
the quotient map G — G/N = A factors through Q. In particular, every character

¢ € A may be viewed as a character of Q (and also of G).
Since N is of exponent p, it follows that C' = N/ker(x) =~ im(x) is a cyclic group
of order p. Similarly, the image of each ¢ € A is contained in the cyclic subgroup

of order p of C*, which coincides with im(x). Upon identifying C with im(x) via
X, we infer that the dual A acts on the quotient group @ = G/ker(x) via

AxQ—Q:(p,9) — »(9)g-

One checks that this is a continuous action by automorphisms on @. Therefore, we

may form the semi-direct product
E=AxQ.

By construction, the group @ embeds as a closed normal subgroup of E. The group

E consists of ordered pairs (p,g) € A x @ with multiplication defined by
(0,9) - (¥, h) = (9, 9(9) " gh).
Let C ={(1,¢) | ee C}.

We claim that E is a two-step nilpotent locally compact group. More precisely, we

claim that [E, E] < C < Z, where Z denotes the center of E. Indeed, one computes
that for all (¢, g), (¥, h) € E, we have

[(¢,9), (¥, )] = (1,3, k]9 (9) " (h)) € C.
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Thus we have [E, E] < C. Let us now assume that g € C' < Q. It then follows that

[(1,9), (¥, h)] = (1, (g, h]w(g)’l) = e, since the elements of C' are central in @), and

since every ¢ € A, viewed as a character of @), is trivial on C'. The claim is proved.

We next claim that E is type I. To this end, we rely on Corollary .17} Since

[E,E] < C < Z by the previous claim, and since the map ¢~ (1,¢) is an isomor-

phism of C onto C, it suffices to show that for every o € 6’, the homomorphism
E/C — C*

W, 1)C — o([g, k() e(h))

has a closed image. This is clear if o is trivial. We finish the proof of the claim by

wo: B — E/C: (¢,5) =~ wo(,5):

showing that if o is non-trivial, the homomorphism w, is surjective.

We have E/C =~ A x A, so that E/\C_' ~ A x A. Moreover A is of exponent p, so
its dual A is also of exponent p. Taking § = 1, we see that w,(p,1): (¢,h)C —
o o p(h). Since o is injective, we have {0 | ¢ € 121\} = A, hence we obtain
{wo(,1) | ¢ € A} = {1} x A. Given g € Q, we now set ¢g: h— [g,h]~t. Since C
is identified with imy, we may view g as a character of A. It follows that for each
g € Q, we have w,(¢g,9): (¢,B)Q\H o o(g)~!. Using again that o is injective,
we obtain {ws(¢3,9) | § € Q} = (/1\4)>< {1} = A x {1}. Tt follows that the image of
w, contains the full direct product E/\é ~ A x ﬁ’ thereby confirming that w, is

surjective.

We have shown that ) continuously embeds as a closed normal subgroup of F,
which is a two-step nilpotent second countable locally compact group of type I. We
henceforth view @ as a closed normal subgroup of E. Since A and N have exponent
p, they are both totally disconnected, hence G, @ and FE are all totally disconnected
as well. Let U < E be a compact open subgroup. Then QU is an open subgroup of
E, hence it is type I by [7, Proposition 6.E.21(1)]. Thus @ is a closed cocompact
normal subgroup of QU, which is a two-step nilpotent type I group. O

Remark 4.40. Every non-type I contraction group G afforded by Theorem
has a factor representation that is not type I. Letting x be the central character
of such a factor representation, we infer that the quotient G/ker(x) is not type I.
Theorem applies to G, hence we obtain numerous non-type I groups admitting
an extension by a compact group that is type I.






CHAPTER 5

The affine group of a local field is Hermitian
Archiv der Mathematik, 125(1), (2025), 361-367.

Abstract

The question of whether the group Q, x Q;’; is Hermitian has been stated as an open
question in multiple sources in the literature, even as recently as a paper by R.Palma
published in 2015. In this note we confirm that this group is Hermitian by proving
the following more general theorem: given any local field K, the affine group K x K*
is a Hermitian group. The proof is a consequence of results about Hermitian Banach
x-algebras from the 1970’s. In the case that K is a non-archimedean local field, this
result produces examples of totally disconnected locally compact Hermitian groups
with exponential growth, and these are the first examples of groups satisfying these
properties. This answers a second question of Palma about the existence of such

groups.

5.1. Introduction

A locally compact group G, or equivalently the Banach #-algebra L'(G), is called
Hermitian if all self-adjoint f € L!'(G) have real spectrum. It is a classical ques-
tion in harmonic analysis and Banach algebra theory to determine which locally
compact groups are Hermitian [88]. This question has been studied extensively
since the mid-1900’s, particularly in the cases of connected Lie groups and discrete
groups. See [115] Section 12.6.22] and [131] for more details on the current state
of knowledge.

It is well known that the real ax + b group, R x R.g, is a Hermitian group. This
fact is typically attributed to the following German paper of Leptin [85] Satz 6],
but also follows from a later classification of solvable connected simply-connected
Hermitian Lie groups of dimension < 6 [89, 118]. On the other hand, it is stated
as an open question in, for example, [115] Page 1490] and [113l Section 3.6], to
determine whether the group Q, x Q; is Hermitian. In this note, we answer this

question by proving the following more general theorem.

THEOREM A. Let K be a local field. The group K x K* is Hermitian.
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When K is a non-achimedean local field, the group K x K* is a non-discrete totally
disconnected locally compact group. Furthermore, this group is non-unimodular
and hence has exponential growth. This theorem thus produces examples of (non-
discrete) totally disconnected locally compact Hermitian groups with exponential
growth, answering a question of Palma about the existence of such groups, see
[112] Question 2, page 266] and [113], Section 3.6]. In contrast, a finitely generated
solvable discrete group is Hermitian if and only if it has polynomial growth [86] Page
277]. Tt should also be noted that, as far as the author is aware, it is still an open
question as to whether there exists a discrete Hermitian group with exponential
growth, see [112), 113] again.

The proof of Theorem A is a consequence of Satz 5 in Leptin’s original article [85]
(we will refer to this theorem as Leptin’s theorem from now on). The point of this
note is to translate the critical parts of Leptin’s paper [85] into English, and provide
the few extra details required to verify that K x K* is a Hermitian group whenever
K is a local field.

If we now instead take K to be a number field equipped with the discrete topology,
then it is also well known that the discrete group K x K* is not a Hermitian group
since it contains free subsemigroups on two or more generators [72]. To conclude
the article, we discuss this and related examples, and show that the assumptions
of Leptin’s theorem are not satisfies in these cases. This has connections with
other ongoing work of the author concerning the Hermitian property for semi-direct

products.

5.2. Preliminaries on generalised L'-algebras and Fourier algebras

In this section we define some notation and terminology concerning generalised L'-
algebras and Fourier algebras. We refer the reader to [83], [84), [86] for more details
on generalised L'-algebras. Throughout this section G is a locally compact group

and all integration is performed against a fixed left Haar measure on G.

Let A be a Banach =-algebra and G a locally compact group acting strongly contin-
uously on A by isometric #-automorphisms. Given a € A and x € G, let a® denoted
the image of a under x with respect to this action. The generalised L'-algebra
associated to G and A is the space L'(G, A) of measurable A-valued functions on
G which are integrable against the Haar measure. It forms a Banach #-algebra with

the product
Frgle)i= | ) o) dy
G

and involution
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where A is the modular function on G. The norm on L*(G, A) is the obvious one:
g = | 1F@la o

Now let’s further assume that G is abelian. Then, the Fourier algebra of G, denoted
A(G), is the image of L'(@) under the Fourier transform on G. The algebra A(G)
is a =-subalgebra of Cy(G), and it is a Banach #-algebra when equipped with a
certain norm which we denote by || - || A(c)- We will not go further into the details
of Fourier algebras here, but the reader can consult the book [74] for more details
if desired.

We now note the following result which will be critical in this article.

Proposition 5.1. Let G := N x H be a semi-direct product of locally compact
abelian groups with N normal in G. Then, we have isometric *-isomorphisms:

LY(G) ~ L'(H,L'(N)) ~ L' (H, A(N)).

PROOF. The first isomorphism follows from standard results on generalised
L'-algebras, see [83] Satz 10]. The second isomorphism follows from the fact that
LY(N) is isometrically #-isomorphic to A(]V ) for any locally compact abelian group
N, see [74, Remark 2.4.5]. O

5.3. Translations from Leptin’s article

In this section we translate the necessary parts of Leptin’s article [85] to English

and set some further notation.

Let G be a locally compact group and X a locally compact G-space. Let A < Cy(X)

be a #-subalgebra satisfying the following four properties:

(i) A is a Banach x-algebra with respect to some norm denoted ||f|| , (possibly
different to the uniform norm on Cp(X));
(ii) A is left translation invariant i.e. for f € A and g € G, f9(x) := f(gz) isin A

and [|f9] 4 = [lf [l a3

(iii) For every f € A, the map g — f9 is continuous from G to A4;

(iv) A is a regular Banach algebra and the functions of compact support in A are
dense in A.

Now, for a closed subset T' € X, define
E(T):={feA: f(x)=0VzeT}

and

J(T):={fe AnC.(X) :supp(f) n T = &}.
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The sets k(T') and j(T') are respectively the largest and smallest ideals of A with
zero set T, in particular, j(T') € k(T). The set T is called a set of synthesis or
Wiener (with respect to A) if j(T') = k(T). Then, Leptin proves the following
theorem in [85], which we refer to as Leptin’s theorem.

THEOREM 5.2. [85] Satz 5] Suppose that G is a o-compact locally compact abelian
group and X a locally compact G-space. Let A be a =-subalgebra of Co(X) satis-
fying properties (i) through to (iv) as above. If the action of G on X has finitely
many orbits, and the closed G-invariant subsets of X are sets of synthesis, then the
Banach #-algebra L*(G, A) is Hermitian.

The following result is then a direct corollary of the theorem. It is not stated
explicitly in Leptin’s article [85], but it is alluded to in the discussion of the article.

Corollary 5.3. Let G := N x H be a semi-direct product of locally compact abelian
groups with N normal in G and H o-compact. If the action H — N has finitely
many orbits, and the closed H-invariant subsets of N are sets of synthesis with
respect to A(N), then G is Hermitian.

PRroor. By Proposition we have an isomorphism L'(G) =~ L'(H, A(N)),
so it suffices to check that L'(H, A(N)) is Hermitian. By standard facts on Fourier
algebras (see [T4, Section 2]), the Fourier algebra A(]V ) satisfies properties (i)
through to (iv) as listed at the start of this section, where we take X = N. The
corollary then follows by Theorem [5.2 (I

5.4. Proof of Theorem A

We now prove Theorem A from the introduction. Throughout this section we
assume that K is a local field. To prove Theorem A, we just need to show that the
action K* ~ K satisfies the assumptions as in Corollary where H = K* and
N =K.

To do this, we first remind the reader of the following description of the Pontryagin
dual K.

Lemma 5.4. [18, Proposition 19, page 234] Let K be a local field, viewed as an
abelian group under addition, and let x be a mon-trivial unitary character of K.
Given y € K, define xy(x) := x(yz) for x € K. Then, the map

K—”Knyy

is an isomorphism of locally compact abelian groups.

One then uses this lemma to compute that for x,y € K and z € K*,

2 xy(2) = xy(22) = x(y22) = X2y (2).



5.5. REMARKS 109

In particular, it follows that under the identification K ~ K as in Lemma the
action of K* on K is identified with the canonical multiplicative action of K* on K.

Thus, we will work with the action K* —~ K instead for the remainder of the proof.

Then, one computes easily that there are two orbits of the action K* —~ K: {0}
and K\{0}. Furthermore, the closed K*-invariant subsets of K are {0} and K. To
complete the proof, we just need to show that the sets {0} and K are sets of synthesis
with respect to the algebra A(K).

Clearly j(K) = k(K) since both j(K) and k(K) contain only the zero function.
To complete the proof we just need to show that j({0}) = k({0}) (and hence
j7({0}) = k({0})). Suppose that f € k({0}) € A(K). We must show that f € j({0}).
For each n € N, by [74, Lemma 2.3.7], there exists a function h,, € A(K) n C.(G)
satisfying the following:

(i) hy, vanishes in a neighbourhood of 0 € K;
(i) hn = fll aqy < 1/

In particular, it follows that h, € j({0}) for each n € N and h,, converges to f in
A(K) as n — oo. Thus f € j({0}) by definition of j({0}). This completes the proof.

5.5. Remarks

(i) Let K be a number field, in particular, this field is countable and has the
discrete topology. As mentioned in the introduction, since K x K* is discrete
and contains free subsemigroups on two or more generators, it follows by the
results of [72] that this semi-direct product is not a Hermitian group. Let
Ak denote the ring of adeles over the number field K. It is well known that
we have an isomorphism K ~ Ag/K [126] Proposition 7.15]. Furthermore, K
is uncountable since it is a quotient of an uncountable group by a countable
group. Since K* is countable, the orbits of the action K* —~ K are countable,
hence there must be uncountably many orbits for this action since K ~ Ag/K
is uncountable. Thus one of the assumptions in Leptin’s theorem does not
hold in this case. It is not clear to the author whether the closed K*-invariant

subsets of K are sets of synthesis.

(ii) Let Z act on Q, by multiplication by p and form the corresponding semi-direct
product Q, x Z. It is posed as an open question in [I13] Section 3.6] and a
recent article by the author [29] Section 8.5], to determine whether the group
Qp » Z, and certain generalisations of this group, are Hermitian.

By a similar argument to the last section, it can be checked that the
induced action of Z on @; has infinitely many orbits. The same is the case

for the various generalisations of this group stated in [113] and [29]. In
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particular, the example of the last section shows that we cannot expect to be
able to generalise Corollaryto prove Hermitianness of the group Q, xZ and
its generalisations. New results will need to be used/developed to understand
the Hermitian property of these semi-direct products.

If these groups are proved to be Hermitian, then this will provide fur-
ther examples of non-discrete totally disconnected locally compact Hermitian

groups with exponential growth.
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